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Welcome from Chairperson
Ciarán Duffy

Welcome to the 120th edition of the IMTA Newsletter. A lot has happened
since Newsletter 119 and we already have lots planned for the 2022-2023
academic year. I would like to take this opportunity to thank Horst Punzet
for his immense work in putting this newsletter together, and for his hard
work in all facets of IMTA related work.
The National Council has met several times over the past year, and we are delighted to see representatives
from the Midlands and Donegal branches recently join us at meetings.
Over the past year we have introduced a national calendar of CPD events which are all visible on our
website. We hope this helps in planning your own personal CPD for the year. We aim to make it even more
streamlined this coming year with each branch taking responsibility for organising a speaker on a topic of
interest to members. We hope to reserve ‘the first Tuesday of the month’ for IMTA seminars which will
take place nationally online. There will be some exceptions to this so as not to over-burden members with
online courses, but crucially this also allows for local branches to arrange their own face to face meetings
where the teaching and learning of mathematics can be discussed in social settings. This has traditionally
been one of the many positive aspects of IMTA meetings and one that we think is even more important
into the future. This dual approach means that teachers can access recordings of CPD sessions at a time
that is convenient to them as they will all continue to be uploaded to our national website.
We have provided CPD opportunities during 2021-2022 on the topics of TY after Covid, Codebreaking
and Ciphers, The role of Problem Solving Potential in Mathematics Classrooms, LC HL Financial Maths,
Navigating CBA 1, Review of LC Marking Schemes, Probability through Casino Games, LC HL
Inferential Statistics, Using Desmos and Geogebra, not to mention the presentations we had on offer during
MathsFest 2021.
The IMTA national council continued with our competitions this year, with both Team Maths and the
Junior Maths Competition taking place online. It was great to be able to host the national final of Team
Maths in person, and we had a great day on Saturday March 12th in UCD, with Christian Brothers College
Cork emerging victorious.
After the Team Maths final in UCD, we hosted a Review and Reflection of the work of the IMTA postCovid and used it as an opportunity to take stock, assess what we have done and see where we are going
as an organisation. We had a blended session with participants face to face answering some thoughtprovoking questions coupled with members contributing via Zoom (with one member even joining us from
Australia!). We used Mentimeter to gather answers to questions which both asked us what we do well, what
we need to keep and more importantly where we fall down, in terms of our aims and objectives as set out
in our constitution. What do we need to do better? It was an open and frank discussion – a summary of
which follows.
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Executive Summary
•

•
•
•
•
•
•
•
•
•
•
•

The IMTA has offered excellent CPD during the Covid-19 pandemic, and the move to Zoom
has helped a lot in this regard. All of the benefits of zoom have been identified (lack of travel,
time, recording and uploading to website, topics of interest) and people would like to see this
continue. ‘Zoom brings the IMTA to people rather than people having to go to the IMTA. It
removes boundaries.’
Great to have so much cooperation now between branches
The annual conference both years were excellent too.
The updated website has been really helpful and it looks great now
Centralising membership has worked very well, albeit huge work for those involved.
People would also like to see some branch meetings to give members an opportunity to meet
in person. This could be done best using Teach Meets and other hands-on/practical
workshops which are harder to do over a screen.
We could consider more on creating/ integrating/sharing IT in the classrooms, as opposed to
using IT to deliver online classes.
Greater need for advocacy in terms of national changes such as Junior Cycle and proposed
Senior Cycle discussions.
Advocacy to make it easier for people to become a maths teacher - the teaching Council is a
huge barrier to entry to the profession
The removal of the Foundation Level paper for JC students is hugely problematical, especially
for students who just miss the L2LP threshold
Do we do enough (anything?) for students doing LCA and/or OL LC maths.
Need to examine the possibility of financial supports for students doing Maths teaching in
Tertiary level. Can’t rush into a decision on this.

Other Points made
• It can be hard to keep up with all the CPD going on and being offered by
PDST/JCT/IMTA/Education Centres. If you’re not on twitter, you can miss all of this. Hard to
know where to go for information. The CPD Calendar on the IMTA website is very useful for
this.
• Could we consider a hybrid model for Team Maths – have it in the usual locations and if
others want to participate, could we do it online for them? This may mean not doing it at 7pm
on a Friday evening and is something we would need to research.
• Could the same be said of the JMC? Could we also give schools the option to do the paper
version, correct themselves and upload top scores to a MS form/email them in?
• Face-to-face meetings often help to boost energy and positivity for maths teachers who may
be struggling
• Could have a national teach meet? – discussion around a maths symposium and the energy
this gave people.
• Fully worked solutions (not just answers) to Team Maths questions – could be a student
competition in itself?
• Explore possibility of bursary for student(s) studying maths education in college
• Survey members on FL exam in JC
• Could we have a Password protected/members’ only section on website to prevent some
people
• Insist on being member school to enter competitions?
• A survey of all members on these suggestions would be welcome.

As a direct result of this, we created two surveys to send to members to gather feedback on Junior
and Senior cycle reforms (Minister Foley’s senior cycle reforms were announced 19 days after our
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review meeting). The results of these are being processed as I type and will form the basis of our
planned submissions. We have almost 150 Junior Cycle submissions and 200 Senior Cycle
responses.
As part of the Team Maths final 2022, we
were able to provide lunch for all
participants and their teachers, and it was
great to be able to do so. We also used the
fact that we were face to face for the first
time in over two years to make presentations
to some dedicated officers and retired
officers who have always worked hard on
our behalf. The IMTA National Council
made presentations to Elizabeth Oldham,
Michael Moynihan, Brendan O’Sullivan
and Neil Hallinan in recognition of their hard work and dedication to the association over many
years.
In fact, Elizabeth’s outstanding contribution to Irish education has
since been recognised by the Educational Studies Association of
Ireland, with the presentation of a Lifetime Achievement Award.
Elizabeth has been a member of the ESAI for more than 40 years and
was President from 2000 to 2002. We are extremely proud of her and
grateful for all that she does for us in the IMTA.
Thank you to the hard-working members of the National Council, and
I look forward to working with you all again for the 2022-2023
academic year. While we are at the early stages of planning, we hope
to announce very shortly a joint conference between the PDST, the
JCT and the IMTA for a Maths CPD Conference in October 2022.
We will issue a survey shortly to gather feedback on this.
Finally, thanks to all the teachers who have contacted us throughout the year to offer help in any
way, to organise competitions, to attend meetings, to present a CPD session, to make suggestions
or to compliment the work of the committee. To all the volunteer branch officers I thank you
sincerely and I encourage any of you thinking about getting involved to do so; it’s important to
share the load! Wishing you, your families and your students all the best for the final weeks of this
academic year,

Le gach Dea-ghuí,

Ciarán Duffy
Chairperson
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Comórtas Sóisearach Matamaitice Éireann
Irish Junior Mathematics Competition 2022
Section A (5 Marks)
Q1. What is the value of 1·4 + 0·03 + 0·009 + 7?
0·033

0·186

1·446

2·139

8·439

Q2. When half a number is increased by 15 the result is 39. What is the original number?
12

27

48

54

108

Q3. What is the sum of 90, 91, 92, 93, 94, 95, 96, 97, 98 and 99?
845

945

1005

1025

1045

Q4. On the application of a fly spray, 80% of the flies are killed. In a greenhouse there are 275
flies. After spraying twice, what is the number of flies remaining?
74

176

44

11

55

130

50

Q5. What is the size of angle C in degrees?
60

70

120

Section B (7 Marks)

Q6. A square piece of cardboard has an area of 36 cm square. A square of 1 cm × 1 cm is cut
from each corner.
The sides are folded in order to make an open box.
What is the volume of the box in cm cubed?
32

36

25

12

16

Q7. Siobhan bought a sweater for €13·98 and gave the cashier a €20 note. By mistake the
cashier gave Siobhan €13·98 in change. In order to correct the error, what amount of money
should Siobhan give back to the cashier?
€6·02

€6·96

€7·96

€12·04

€13·98

Q8. A car leaves at 11:00 am and travels a distance of 126 kilometres at 56 km per hour.
What time does the car arrive at?
1:00 pm

1:15 pm

1:25 pm

2:15 pm

2:25 pm
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Comórtas Sóisearach Matamaitice Éireann
Irish Junior Mathematics Competition 2022
Q9. Fintan cycles up a hill at 10 kilometres per hour and cycles down the same hill at 20
kilometres per hour. What is Fintan's average speed, in kilometres per hour, for the entire
trip?
10

15

13 1/3

20

12

Q10. A bus is rented for a fixed cost by a group of 30 people. When 10 more people were added
to the group, the fixed cost of the bus did not change, but the charge for each person was
€2 less than before. If each person paid the same charge as each of the others, what is the
cost of renting the bus?
€360

€60

€240

€30

€120

Section C (8 Marks)
Q11. A fast clock gains 12 minutes every normal hour. If the fast clock shows the correct time
at 1 pm, what is the correct time when the fast clock registers 2 pm?
1:48 pm

1:52 pm

1:45 pm

1:54 pm

1:50 pm

Q12. Eight people want to play a 48 minute game as a team but only 5 are allowed on the field at
the same time. During the game a player may be replaced by someone else. If each of the
eight people play in the game for the same amount of time, how many minutes will each of
the eight people play?
40

48

32

30

35

Q13. In a certain year January has exactly four Tuesdays and four Saturdays. On what day did
January 1st fall that year?
Monday

Tuesday

Wednesday

Friday

Saturday

Q14. A tree grows by 10% of its existing height every year. If the tree is now 42·35 metres tall,
how tall was it two years ago?
38·5 m

46·59 m

52·25 m

35 m

30 m

Q15. If P and Q are the midpoints of two sides of a 2 cm × 2 cm square, what is the area of the
shaded triangle in cm squared?
1

1·5

2

2·5

3
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Comórtas Sóisearach Matamaitice Éireann
Irish Junior Mathematics Competition 2022

Answers
Q1. 1·4 + 0·03 + 0·009 + 7 = 8·439.
Q2. Half the number = 39 – 15 = 24, so the number must be 48.
Q3. 90 + 91 + 92 + 93 + 94 + 95 + 96 + 97 + 98 + 99 = 90 × 10 + 10 × 4 + 5 = 945.
Q4. 275 × 0·2 × 0·2 = 11.
Q5. A = 180° – 130° = 50°
B = 60°
C = 180° – 60° – 50° = 70°

Q6. The width of each side of cardboard is 6 cm. If a length
of 1 cm is cut from each end, then the width of the box
is (6 – 2) = 4 cm.
Volume = 1 × 4 × 4 = 16 cm3.

Q7. Correct change = 20 – 13·98 = €6·02.
Amount to return is 13·98 – 6·02 = €7·96.
Q8.

Time =

Distance 126
=
= 2 ⋅ 25 hours.
Speed
56

However, 0·25 is a quarter of an hour, which is 15 minutes, so leaving at 11am the car
arrives at 1:15 pm.
Q9. Fintan’s distance up and down is the same, so he would do 10 km up in 1 hour and 10
km down in half an hour (as he is going twice as fast). The speed will therefore be
10 + 10 20
= = 13 13 km/hr
1 + 0 ⋅ 5 1⋅ 5
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Comórtas Sóisearach Matamaitice Éireann
Irish Junior Mathematics Competition 2022
Answers
Q10. 30
=
x 40( x − 2)
30
=
x 40 x − 80
=
80 40 x − 30 x
80 = 10 x
x = €8
The cost of renting the bus is 30 × 8 = €240.
Q11. The clock gains 12 minutes every hour (60 minutes). It therefore gains 2 minutes every
10 minutes of normal time. It has gained 10 minutes in 50 minutes, and so that actual
time is 1:50 pm.
Q12. The total playing time allowed is 5 × 48 = 240 minutes.
Each player will therefore play 240 = 30 minutes each.
8

Q13. January has 31 days, so to have exactly four Tuesdays and four Saturdays, then the 1st
must be on Wednesday, which is what happens every leap year, like 2020.
Q14. If its height two years ago is h, then h ×1·1 × 1·1 = 42·35.

=
so h

42 ⋅ 35
= 35 metres.
1 ⋅1 × 1 ⋅1

Q15. If P and Q are the midpoints of two sides of a 2 cm × 2 cm square, what is the area of the
shaded triangle in cm2 ?
1 cm
Area of triangle A =

1
(1)(1) = 0 ⋅ 5
2

Area of triangle B × 2 =

1
(1)(2) × 2 = 2
2

A
1 cm

B

Area of square = 2 × 2 = 4 cm2 .
Total area of unshaded area = 2·5 cm2
Shaded area = 4 – 2·5 = 1·5 cm

2

B
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Comórtas Sóisearach Matamaitice Éireann
Irish Junior Mathematics Competition 2022
The 2022 Irish Junior Maths Competition was undertaken online and
proved to be a great success. 225 schools registered, which represents
30% of secondary schools in Ireland, and a total of 15,520 students
responded. 274 students completed the competition through Irish.
The average mark was 36.4% with a standard deviation of 15.5%.
A total of 69 students achieved over 90% and were award an engraved
IMTA Sum It Up trophy. 33 students achieved 100%.
Two schools, Scoil Mhuire College Cork
and Sandymount Park ETSS were awarded Folens Homework Space
accounts for all of their First Year students. Five schools were
awarded Prim-Ed Maths Box: Box 6 worth €225 each.
The following students were awarded an IMTA Sum It Up trophy:
Student's name
Aidas Simanavicius
Aislinn Healy
Alberto Apetri
Alex Doyle
Alex Mayer
Alita Liu
Aodán Muldoon
Beauty Ikpefua
Ben Maguire
Cara Leahy
Cathal Deegan
Charlotte Walmsley
Chenjie Long
Christopher Laughlin
Cillian Carey
Dan Bergin
David Kelleher
Declan Creedon
Devan O'Neill
Duulga Ankhbayar
Ella Cuskelly
Émer Ní Mhaoileoin
Emma Lavery
Eoghain Croarkin
Eoin Carr
Eoin Moore
Erik Tobli
Evie Glennon
Feidhlim Carr
Fionnán Keeling
Georgia Dyer
Hanna Szymanczyk
Hina Curran
Isaac Byrne

School name
Beech Hill College
Kinsale Community School
Malahide Portmanock ETSS
St. Peter's College
Malahide Portmanock ETSS
The Teresian School
St. Vincent’s Castleknock College
Holy Family Community School
St. Vincent’s Castleknock College
Presentation Secondary School
Salesian College
Scoil Mhuire College Cork
St. Columba's College
St. Columba's Comprehensive
St. Finian's College, Mullingar
Heywood Commuinity School
St. Vincent’s Castleknock College
Belvedere College SJ
Salesian College
Sandymount Park ETSS
Tullamore College
Gaelcholáiste Cheatharlach
Beech Hill College
Beech Hill College
Marist College Athlone
Ardgillan Community College
St. Oliver’s Community College
St. Peter's College
St. Vincent’s Castleknock College
Belvedere College SJ
St. Oliver’s Community College
Tyndall College
Malahide Portmanock ETSS
St. Oliver’s Community College

Student's name
Jack McAuliffe
Jack O Shaughnessy
Jake Corrigan
Jamal Monahan
James Dowling
Jessie Nì Bhaoill
Josh Shannon
Kerena O’Dwyer McLoughlin
Mark Heneghan
Martin Hopkins
Mary Sherry
Matthew McLoughlin
Max Smartt
Michael Foley
Niamh Ni Dhonnabhain
Nicole Osborne
Olivia O'Connor
Oscar Sloane
Patryk Kumorek
Paul Magee
Rebecca Gorman
Roisin Ni Raoghaill
Ronan O Riain
Ruairí Holland
Ryan Geever
Ryan Plunkett
Sam Leonard
Sarah Costello
Senan Dolly
Sicheng Li
Stefan Moran
Stephen Byrne
Thomas Ó Gormáin
Yung Hei Tsang
Zoe Ni Dhuill

School name
St. Flannan's College
Salesian College
Beech Hill College
Salesian College
St. Vincent’s Castleknock College
Gaelcholáiste Cheatharlach
Ramsgrange Community School
Swords Community College
Abbey Vocational School
Drumshambo Vocational School
Beech Hill College
Salesian College
Salesian College
St. Brogan's College
Gaelcholáiste Cheatharlach
Gaelcholáiste Cheatharlach
Rathdown School
Kinsale Community School
Boyne Community School
St. Peter's College
Tullamore College
Gaelcholáiste Cheatharlach
Gaelcholáiste Cheatharlach
Bush Post Primary School
St. Nathy’s College
Tullamore College
Belvedere College SJ
Athlone Community College
St. Vincent’s Castleknock College
Drogheda Grammar School
Athboy Community School
Tullamore College
Gaelcholáiste Cheatharlach
The King’s Hospital School
Gaelcholáiste Cheatharlach
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Comórtas Sóisearach Matamaitice Éireann
Irish Junior Mathematics Competition 2022
Breakdown by question
Q1. What is the value of 1·4 + 0·03 + 0·009 + 7?
94% of respondents answered this question correctly.

Q2. When half a number is increased by 15 the result is 39. What is the original number?
51% of respondents answered this question correctly.

Q3. What is the sum of 90, 91, 92, 93, 94, 95, 96, 97, 98 and 99?
91% of respondents answered this question correctly.
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Comórtas Sóisearach Matamaitice Éireann
Irish Junior Mathematics Competition 2022
Breakdown by question
Q4. On the application of a fly spray, 80% of the flies are killed. In a greenhouse there are 275 flies.
After spraying twice, what is the number of flies remaining?
21% of respondents answered this question correctly.

Q5. What is the size of angle C in degrees?
43% of respondents answered this question correctly.

Q6. A square piece of cardboard has an area of 36 cm square. A square of 1 cm × 1 cm is cut from
each corner. The sides are folded in order to make an open box. What is the volume of the
box in cm cubed?
21% of respondents answered this question correctly.
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Comórtas Sóisearach Matamaitice Éireann
Irish Junior Mathematics Competition 2022
Breakdown by question
Q7. Siobhan bought a sweater for €13·98 and gave the cashier a €20 note. By mistake the
cashier gave Siobhan €13·98 in change. In order to correct the error, what amount of
money should Siobhan give back to the cashier?
47% of respondents answered this question correctly.

Q8. A car leaves at 11:00 am and travels a distance of 126 kilometres at 56 km per hour.
What time does the car arrive at?
41% of respondents answered this question correctly.

Q9. Fintan cycles up a hill at 10 kilometres per hour and cycles down the same hill at 20
kilometres per hour. What is Fintan's average speed, in kilometres per hour, for the
entire trip?
9% of respondents answered this question correctly.
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Comórtas Sóisearach Matamaitice Éireann
Irish Junior Mathematics Competition 2022
Breakdown by question
Q10. A bus is rented for a fixed cost by a group of 30 people. When 10 more people were added
to the group, the fixed cost of the bus did not change, but the charge for each person was
€2 less than before. If each person paid the same charge as each of the others, what is the
cost of renting the bus?
36% of respondents answered this question correctly.

Q11. A fast clock gains 12 minutes every normal hour. If the fast clock shows the correct time
at 1 pm, what is the correct time when the fast clock registers 2 pm?
6% of respondents answered this question correctly.

Q12. Eight people want to play a 48 minute game as a team but only 5 are allowed on the field
at the same time. During the game a player may be replaced by someone else. If each of
the eight people play in the game for the same amount of time, how many minutes will
each of the eight people play?
40% of respondents answered this question correctly.
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Comórtas Sóisearach Matamaitice Éireann
Irish Junior Mathematics Competition 2022
Breakdown by question
Q13. In a certain year January has exactly four Tuesdays and four Saturdays. On what day did
January 1st fall that year?
31% of respondents answered this question correctly.

Q14. A tree grows by 10% of its existing height every year. If the tree is now 42·35 metres tall,
how tall was it two years ago?
30% of respondents answered this question correctly.

Q15. If P and Q are the midpoints of two sides of a 2 cm × 2 cm square, what is the area of the
shaded triangle in cm2 ?
30% of respondents answered this question correctly.

JUNIOR CYCLE

MATHEMATICS

First series specifically written for the new
Junior Cycle Mathematics Specification, with the
Unifying Strand and Key Skills embedded throughout
Innovative spiral learning approach constantly reinforces conceptual
understanding
Presented as Units of Learning that link Learning Outcomes within and
between strands. The context and concept-based approach used enhances
student understanding and interest in Mathematics
Unique Linking Thinking units connect strands in exam-style questions
and include guided strategies and ideas for CBAs
Offers the perfect balance between developing skills and enhancing a
higher level of thinking

Textbooks
FREE eBooks*
Teacher’s Solutions
and Planning Books

Scan me to see more!

Scan me to see more!

Digital resources on
www.gillexplore.ie
*Included with textbook

www.gilleducation.ie/sales-reps-secondary
Linking Thinking promo 2021 6pp copy.indd 7

30/04/2021 9:15 a.m.
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The Monte Carlo Method of Integration
By Peter Lynch, School of Mathematics and Statistics, UCD
Learning calculus at school, we soon find out that while differentiation is relatively easy, at least
for simple functions, integration is hard. So hard indeed that, in many cases, it is impossible to
find a nice function that is the integral (or anti-derivative) of a given one. Thus, given f (x), we
can usually find df , whereas we may not be able to find ∫ f (x) dx .
dx

Integrating by Probability
Stanislaw Ulam was a remarkable genius. Originally from Poland, he spent his working life in
America. He played a key role in the development of the atomic and hydrogen bombs at Los
Alamos. Ulam developed a method of evaluating integrals that proved very powerful and useful.
Although the integral of a function may be defined in a precise, deterministic way, his method of
evaluating it is based on probability, and yields an answer that is “very likely” to be correct.
In many problems we need to find the area under a closed curve. In Figure 1 (left panel) we show
the function f (x) = 1 / x , with the red area showing the integral from 1 to 7·5. If we are unaware
of the log-function, we cannot integrate analytically (to prove that the area is log 7·5). Suppose
we consider a rectangle around the curve, as in Figure 1 (right panel). The sum of the coloured
areas is obviously the breadth by height, or 6·5. But we want the size of the red area.

Figure 1. Left: Definite integral (red area) of f (x) = 1 / x . Right:
Integral as a proportion of the rectangle (red plus blue areas).

Ulam’s idea was this: suppose we pick a point p at random within the rectangle. The probability
that it falls within the red area is
Prob ( p in Red Area) = (Red Area) ⁄ (Total Area) .
where the total area of the rectangle, the sum of the red and light blue areas, is known. If we do
the experiment once, it tells us little. But, instead of choosing just one point at random, we choose
a large number of them.
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Then, the proportion P of these points falling below the curve should be approximately equal to
the probability of a single randomly chosen point falling below the curve:
P = (Proportion below curve) = (Red Area) ⁄ (Total Area) .
If we do the experiment many times, we will get a value for P . Then, since we know the area of
the rectangle, we can solve the equation for the red area:
Red Area = P × (Total Area)
How could we do this experiment in practice? Well, one way might be to make a kind of
rectangular dart-board with the function f (x) drawn on it. We might then throw darts repeatedly
at the board, and count the fraction of them that land on points below the curve y = f (x) .
In reality, we do not play darts; we have a mathematical description of the function f (x) and the
rectangle. We generate a pair of random numbers ( x, y ) in the range [1,7·5] × [0,1] and check if
it falls below or above y = f (x) . We do this many times, and keep a count of how many times the
point falls below f (x) . Then the proportion P of these to the total number gives us an approximate
value for the area integral ∫ f (x) dx .

Figure 2. Squares with zero, 250, 2,500 and 25,000 points.
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Why “Monte Carlo”?
The method was dubbed the Monte Carlo Method by Nicholas Metropolis, a colleague of Ulam,
because of its association with chance and gambling. There are many simpler ways to evaluate an
integral like ∫ f (x) dx . However, in many problems in physics, multi-dimensional integrals must
be computed, sometimes in more than 100 dimensions, and the Monte-Carlo method is very
valuable in producing an accurate result. The random points are generated rapidly using a PRNG,
or Pseudo-Random Number Generator. The Monte-Carlo Method is one of the most popular and
widely used methods of obtaining numerical answers to problems in physics, chemistry,
engineering and other disciplines.
As Easy as Pi
The use of a probabilistic method to compute a deterministic quantity goes back to Georges-Louis
Leclerc, Comte de Buffon in 1733. He devised a method of calculating π by dropping a stick or
needle on a lined floor. We will now look at another way to use the Monte-Carlo approach to
estimate π .
Suppose a unit circle is drawn within a square and points are chosen randomly within the square;
think of a dart-board in a square frame, with darts thrown from a distance. The area of the square
is 4 and the area of the circle is π . So, a proportion P = π / 4 of the darts will fall within the circle.
Fig. 2 (panel A) shows the set-up, panel B shows 250 random points within the square, panel C
shows 2,500 random points and panel D shows 25,000 random points within the square.
We used the program Mathematica to generate random number pairs ( x, y ) in the range [-1, +1]
× [-1, +1] and count the proportion with r2 = x2 + y2 < 1 . This proportion should approach π / 4
when the number of points is large. For N = 250 it was 3·1554 / 4, for N = 2,500 it was 3·1901 / 4
and for N = 25,000 it was 3·1422 / 4 . We see that the numerator is approaching the value of π
3·14159 … .
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Peter’s Problem 2021
Peter’s Problem 2021 was won by Ana Ryan of Kilkenny College. Ana received a cheque from
the Irish Mathematics Teachers’ Association for €400 and her teacher, David Lowry €100.
Problem No. 1
In the pyramid, each rectangle is to be filled with the sum of the two numbers immediately
below it.

111
43
45
8
K

5

L

What is the value of K + L?

Solution to No. 1

111
68
45
30
K = 20

43
23

15
10

20
8

5

12
3

L=9

By subtraction: 2nd row: 111-43 = 68. 3rd row: 68 – 45 = 23; 43 – 23 = 20. 4th row: 20 – 8 = 12;
23 – 8 = 15; 45 – 15 = 30. 5th row: 15 – 5 = 10; 30 – 10 = 20 = K; 8 – 5 = 3; 12 – 3 = 9 = L.
K + L = 20 + 9 = 29.
Answer: K + L = 29
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Peter’s Problem 2021
Problem No. 3
Imagine you are in a queue to the airport check-in desk. If two thirds of the queue is in front of you
and three tenths of the queue is behind you, how many people are in the queue?

Solution to No. 3
2

Let the number in the queue be x. Then 𝑥𝑥 + 1 +
3

implies x = 30.

3

10

𝑥𝑥 = 𝑥𝑥. Therefore 20𝑥𝑥 + 30 + 9𝑥𝑥 = 30𝑥𝑥 which

Alternative solution:
The fractions of thirds and tenths have a common denominator of thirtieths. Converting to thirtieths
2
20
3
9
20
9
29
we have = and = . Then + = . There is one person remaining in the queue which is
3

30

10

30

30

30

30

you which corresponds to the remaining fraction of
the queue. Answer: 30

1

30

of the queue. Therefore, there are 30 people in

Problem No. 4
Any whole number containing 3 or more digits can be divided by 4 if the last two digits form a
number that is divisible by 4. Why?

Solution to No. 4
• Any number which has 3 or more digits (a non-zero leading digit is implied), say ‘a…cde’, may be
split into two parts – the hundreds part and the final two digits part and written as a sum, say
‘a…c00 + de’.
• The hundreds part, ‘a…c00’, is divisible by 4 since it is a multiple of 100 and 100 is divisible by 4.
• The 2-digit number, ‘de’, is divisible by 4 as given.
• Therefore the combined original whole number is divisible by 4.
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Peter’s Problem 2021
Problem No. 5
What is the smallest number of integer kilogram weights needed to weigh every whole kilogram
between 1kg and 40kg inclusive?
Solution to No. 5
Four weights are required together with a balance. These are 1kg, 3kg, 9kg, 27kg.
Let W indicate the item to be weighed, e.g. W1 is an item which weighs 1kg and ‘=’ indicates the
balance and 1, 3, 9, 27 are the known weights.
W1 = 1
W2 + 1 = 3
W3 = 3
W4 = 3 + 1
W5 + 3 + 1 = 9
W6 + 3 = 9
W7 + 3 = 9 + 1
W8 + 1 = 9

W9 = 9
W10 = 9 + 1
W11 + 1 = 9 + 3
W12 = 9+3
W13 = 9 + 3 + 1
W14 + 9 + 3 + 1 = 27
W15 + 9 + 3 = 27
W16 + 9 + 3 = 27 + 1

W17 + 9 + 1 = 27
W18 + 9 = 27
W19 + 9 = 27 + 1
W20 + 9 + 1 = 27 + 3
W21 + 9 = 27 + 3
W22 + 9 = 27 + 3 + 1
W23 + 3 + 1 = 27
W24 + 3 = 27

W25+3=27+1
W26+1=27
W27=27
W28=27+1
W29+1=27+3
W30=27+3
W31=27+3+1
W32+3+1=27+9

W33+3=27+9
W34+3=27+9+1
W35=+1=27+9
W36=27+9
W37=27+9+1
W38+1=27+9+3
W39=27+9+3
W40=27+9+3+1

Problem No. 6
The scale on a map of Ireland is 1:2,000,000.
How many square centimetres are represented on the map by the province of Munster, correct to the
nearest square centimetre?
Solution to No. 6
2,000,000 cm = 20 km. 1cm represents 20 km. So 1cm2 represents 202 km2 which is 400 km2.
From https://en.wikipedia.org/wiki/Munster the area of Munster is 24,675 km2.
24675
=
61 ⋅ 6875 =
62 correct to the nearest square cm.
400

Answer: 62 square centimetres.

Problem No. 7
Find the values of a, b, c and d such that the 4-digit number
abcd × 4 = dcba
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Peter’s Problem 2021
Solution to No. 7
• 𝑎𝑎 ≠ 0 => 𝑑𝑑 ≠ 0.
• 4𝑎𝑎 + (carry of 0, 1, 2 or 3) = 𝑑𝑑 and cannot be > 9. Therefore, a = 1 or 2.
• a = 4d => a is even. Therefore, a = 2.
• a = 2 => d= 8 or 9. Since 4(9) = 36 and 4(8) = 32 gives final digit of 2, we have d = 8.
• Since 4a + (carry of 0 from 4b) = d therefore b = 0, 1 or 2.
• 4d = 4(8) gives a carry of 3, therefore 4c+3 = b must be odd. Therefore, b = 1.
• Then 4c + 3 = 11, 21 or 31 => 4c = 8, 18 or 28 => c = 2 or 7.
• Testing c = 2 gives 4(2128) = 8512, incorrect for reversal of digits.
• Testing c = 7 gives 4(2178) = 8712 correct reversal of digits, as required.
• Answer: abcd = 2178 or a = 2, b = 1, c = 7, d = 8.
Problem No. 8
What is the largest 3 digit number that can be divided evenly by 6, 7 and 8?
Solution to No. 8
The LCM of 6, 7, 8 is 2.2.2.3.7 = 168. Since 6(168) = 1008, 5(168) = 840 is the largest 3-digit
number divisible by 6, 7 and 8.
Problem No. 9
Use each of the given numbers only once combined with any mathematical symbol to give a total to
439.
Given numbers: 50, 25, 9, 1, 4, 7

Solution to No. 9
Any valid solution. Example: 9(50 + 4 – 1 – 7) + 25 = 439.

Problem No. 10
Five couples attend a dinner party. Each person shakes hands with each of the other people but not
with their own partner.
How many handshakes are made?
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Peter’s Problem 2021
Solution to No. 10
Ten people at the party. In 1st couple each person shakes 8 other hands;
In 2nd couple each person shakes 6 other hands;
In 3rd couple each person shakes 4 other hands;
In 4th couple each person shakes 2 other hands;
Each person in the 5th couple has already greeted everybody.
Total number of handshakes = 2(8) + 2(6) + 2(4) + 2(2) = 40.
Problem No. 11
A Garda is chasing a thief on foot. The thief has a 27 step head-start and takes 8 steps to the Garda’s
5. However, the Garda’s stride is longer and two of the Garda’s steps equals five of the thief’s. How
many steps does the Garda take in order to catch the thief?
Solution to No. 11
Let the Garda’s steps measure 40 cm and the thief’s steps measure 16cm. i.e., two Garda steps =
80cm = five of the thief’s steps.
In a k-second interval the Garda takes 5 steps and the thief takes 8 steps. The Garda travels 5×40 =
200cm and the thief travels 8×16 = 128 cm. The Garda gains 200-128 = 72 cm in this time.
The thief has a headstart of 27×16 = 432 cm.
The Garda catches up on this in

432
72

= 6 of the k-second intervals. Since the Garda takes 5 steps in

each interval, altogether the Garda takes 5×6= 30 steps to catch the thief.
Alternative solution:

Equal distances: In steps: Garda 2 = Thief 5; Garda 1 = Thief 2.5; Garda 5 = Thief 12.5
Every time the thief goes forward 8 steps the Garda goes forward 5 steps or 12.5 thief-steps. We
have the sequences: Thief:
27, 35, 43,
51, 59, 67, 75.
Garda:

12.5, 25, 37.5, 50, 62.5, 75.

At this stage they meet. This is 6 groups of 5 steps = 30 steps for the Garda.
Alternative solution:
5
Let the thief take x more steps. In the same time the Garda will take 𝑥𝑥 steps. But the Garda will
5 5

cover a distance of . 𝑥𝑥 which is
2 8

So, solve 27 + 𝑥𝑥 =

25
16

25
16

8

𝑥𝑥. The thief is caught when the distances travelled are equal.
5

𝑥𝑥. We get x = 48. The thief takes 48 more steps. The Garda takes (48) =

30 steps. Answer: 30 steps

8
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Peter’s Problem 2021
Problem No. 12
There is a string of 33 pearls worth €65 000. The biggest and most expensive pearl is in the central
spot. The cheapest pearls are at the ends. From one end the value of the pearls increases by €100,
uniformly, up to and including the largest pearl; from the other end, they increase in value by €150
each, up to and including the big pearl.
What is the value of the big pearl?
Solution to No. 12
Let x (in euro) be the value of the big pearl. Then there are 16 smaller pearls whose values are
(x – 100), (x – 200), … (x – 1600) and 16 other smaller pearls whose values are (x – 150),
(x – 2(150)) , … (x – 16(150)).
The total value of all the pearls is the sum of the values which is €65000.
(x – 100) + (x – 200) + …+(x –1600) + x + (x – 150) + (x – 2(150)) + … +(x – 16(15)) = 65000
16x + x + 16x – 100(1 + 2 + …+ 16) – 150(1+ 2 + … + 16) = 65000
33x – 250(136) = 65000
33x = 99 000
x = 3000
Problem No. 13
The diagram below shows the odometer reading above the trip meter reading on a car. The odometer
cannot be changed while the trip meter may be reset at any time. When either meter shows all 9s, the
next number shown is all 0s.
The diagram shows the first 4 digits of each meter are the same.
O d o m e t e r 12345·6
Trip meter

123·4

Assuming that the trip meter has not been reset, how far has the car travelled when the first 4 digits
are again the same on both meters?
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Peter’s Problem 2021
Solution to No. 13
Small changes to the decimal, unit, tens and hundreds places will change all the numbers on the tripmeter but not the first two numbers of the odometer. Thus, the numbers cannot match again until at
least (1000 – 123·4) = 876·6 km have been travelled and the trip-meter is reset to 000·0.
At this stage the odometer will be at 12345·6 + 876·6 = 13222·2.
A further 130 km is required to bring the first two digits of the trip-meter in line with the odometer.
The odometer will read 13352·2 and the trip-meter 130·0. A further 3·5 km will align the four
digits again. The total travelled is 876·6 + 130 + 3·5 = 1010·1 km
Answer: 1010·1 km
Problem No. 14
19, 4, 15, 11 are the first four terms of sequence of numbers where each term is the difference
between the previous two terms.
(i)
What is the 2021st term?
(ii)
What is the sum of the first 2021 terms?
Solution to No. 14
The sequence is 19, 4, 15, 11, 4, 7, 3, 4, 1, 3, 2, 1, 1, 0, 1, 1, 0, …
After 11 terms the sequence settles into a pattern of three terms 1, 1, 0.
2021 – 11 = 2010.
2010 ÷ 3 = 670 with no remainder. There are 670 sets of the (1, 1, 0) sub-sequence. Thus, the 2021st
term will correspond with the 3rd term of the sub-sequence 1, 1, 0 and must be 0.
Answer (i) 0
Problem No. 15
In a cipher code (using a Caesar shift-cipher) the numbers 0 to 25 are assigned to the letters from A
to Z respectively. I received a coded message where 3 has been added to the number assigned to the
letter in the message.
The message I received was
LWVV
LAWL
PHVV
HYHQ
What number may be found from the message written in this code?
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Peter’s Problem 2021
Solution to No. 15
A, B, C, D, E, F, G, H, I, J, K, L, M , N, O, P, Q, R, S, T, U, V, W, X, Y, Z
0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20 , 21, 22, 23, 24, 25.
To reverse the code we must subtract 3 from the number associated with the letter in the message.
If the result is negative we must add 26 in order to keep the result within the correct range 0 – 25.
Code
letter
Code
number
Subtract
3
Message
letter
Message

L

W V V

L

A

W

11 22 21 21

11

0

22 11

8

19 18 18

8

I

T

I

S

S

-3+26
19
=23
X

T

L

P

H V

H

Y

H

Q

15 7 21

7

24

7

16

8

12 4 18

4

21

4

13

I

M E

E

V

E

N

S

ITS SIX TIMES SEVEN

Problem No. 16
Imagine a wire lies tightly around the equatorial circumference of the moon. The length of the wire
is increased by 1 metre and raised by an equal amount all around the equator.
Which of the following is the largest ball that would fit under the longer wire – a golf ball, a sliotar,
a football or a basketball?

Solution to No. 16
Let the radius of the moon be R metres. The circumference is 2πR. This is increased by 1m. The
2𝜋𝜋𝜋𝜋+1
1
wire now forms a circle with circumference 2πr + 1. The radius of this circle is
= 𝑅𝑅 +
=
𝑅𝑅 + 0 · 15916 metres. Thus the wire has been uniformly lifted by almost 16 cm.

2𝜋𝜋

The diameter of a golf ball is approximately 4·3 cm
The diameter of a sliotar is approximately 7 cm

The diameter of a football (GAA) is approximately 22 cm
The diameter of a football (soccer) is approximately 22 cm
The diameter of a basketball is approximately 24 cm (full size) or 22 cm (youth size)
Answer: Thus, the largest ball which would fit under the longer wire is the sliotar.

2𝜋𝜋
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Peter’s Problem 2021
Problem No. 17
N is a positive whole number such that 3N has exactly 5 positive factors including itself and 1.
How many factors does 5N have?
Solution to No. 17
A prime p has 2 factors which are 1 and p. Each successive power of p increases the number of
factors by 1. Thus, p2 has 3 factors: 1, p, p2; and p3 has 4 factors; p4 has 5 factors; etc.
A composite number which is not the power of a single prime has more than one prime factor and
cannot have 5 factors. So, a number composed of two primes, p1 and p2, has 4 factors 1, p1, p2 and
(p1.p2). Introducing a minimum of one extra power of say, p1, gives a composite number with 6
factors: 1, p1, p2, p12, (p1.p2) and (p12.p2). A number composed of 3 primes, p1, p2, p3, has 8 factors 1,
p1, p2, p3, (p1p2), (p1p3), (p2p3), (p1p2p3).
Since 3N has 5 factors, one of which is 3, 3N must be a power of 3, namely, 34 = 81.
Therefore N = 27.
Then 5N = 135 and the factors are 1, 3, 5, 9, 15, 27, 45, 135.
Answer: 5N has 8 factors
Problem No. 18
A 4-number combination lock uses the digits 1 – 9 without repetition as follows:
The second digit is prime.
The sum of the third and fourth exceeds 10.
The second and fourth digit differ by one.
The first is 3 greater than the third.
Exactly one digit is a perfect square.
What is the combination that will open the lock?
Describe fully how you arrived at your answer.
Solution to No. 18
2nd digit prime: 2,3,5,7 => 4th: 1,2,3,4,6,8 (2nd ±1) => 3rd: 3,4,5,6,7,8,9 and 4th ≠ 1(3rd + 4th > 10).
1st (3rd +3): 6,7,8,9 => 3rd (1st – 3): 3,4,5,6 => 4th: 6,8 (3rd + 4th > 10) => 2nd (4th ±1, prime): 5,7.
1st: 6,7,8,9;

2nd: 5,7;

3rd: 3,4,5,6;

4th: 6,8.

Check for one square digit from 4, 9.

3rd = 4 => 4th is 8 (3rd + 4th >10) => 1st is 7 (3rd +3) and 2nd is also 7 (4th – 1); but no repeats allowed.
1st = 9 => 3rd is 6 (1st – 3) => 4th is 8 (3rd + 4th >10; repeat 6 not allowed) => 2nd is 7 (4th – 1). This
satisfies all the requirements and gives the solution.
Answer: 9768
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Peter’s Problem 2021
Problem No. 19
The sum of all the internal angles in an n-sided polygon (with no reflex angles) measures 1260
degrees. What is the value of n?
Solution to No. 19
An n-sided polygon supports n triangles at some common interior point. There will be 180no in these
n triangles including 360o at the common point. Thus, (1260 + 360) ÷ 180 gives the number of
triangles and hence the number of sides. 1260 + 360 = 1620.
Then, 1620 ÷ 180 = 9. The value of n is 9
Answer: 9
Alternative solution:
The internal angles add to 1260o. Then,

A

The polygon may be split into 7 triangles using a vertex point, A,
as a common vertex for the triangles (see diagram).
Thus, there are 7 triangle bases forming sides of the polygon plus 2 sides
of triangles to complete the polygon. The polygon has 9 sides. Answer: 9.
Problem No. 20
On a 9-hole golf course the hole lengths are 150m, 300m, 250m, 325m, 275m, 350m, 225m, 400m,
425m. A golfer can learn to play only two strokes of different lengths which are played to exactly
those lengths whenever played. If every stroke the golfer takes is directly in line with the hole, what
two lengths should the golfer learn in order to minimise the number of strokes needed to complete
all 9 holes?
Solution to No. 20
The least number of strokes may be found by allowing the golfer to overshoot the hole. Noting that all the
hole-lengths are multiples of 25 and using a strategic search of combinations (starting from (50 and 25) and
using increments of 25 in each) we can find the optimum lengths of strokes as follows:
Hole

1
2
3
4
5
6
7
8
9

Hole
length
(metres)
150
300
250
325
275
350
225
400
425

Stroke lengths
175m and 75m

Total no.
of strokes

2(75)
4(75)
1(175) + 1(75)
1(175) + 2(75)
2(175) – 1(75)
2(175)
3(75)
1(175) + 3(75)
2(175) + 1(75)

2
4
2
3
3
2
3
4
3
26

Stroke lengths
150m and 125m
1(150)
2(150)
2(125)
3(150)
1(150)
4(125)
3(125)
1(150)
2(150)

– 1(125)
+ 1(125)
– 1(150)
– 1(150)
+ 2(125)
+ 1(125)

Total no. of
strokes
1
2
2
4
2
5
4
3
3
26

Answer: Lengths (175m and 75m) or (150m and125m). Either combination was acceptable as the answer for
the competition.
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Peter’s Problem 2021
Problem No. 21
Number Search

1

2

1

1

8

0

5

4

7

2

9

9

7

9

2

1

0

7

4

1

0

2

5

8

5

3

4

7

6

7

0

3

2

4

2

3

1

6

8

0

6

2

4

0

1

9

6

5

9

4

3

5

7

6

ACROSS
a) 75 – 1
b) The year of the birth of William Rowan Hamilton
c) This year, Peter’s Problem Competition begins on January 7th and all entries must be
submitted by March 5th.
The number of days which may be taken to complete the challenge
d) The smaller non unit factor of 2021
e) The speed of light in km per second, to the nearest kilometre
f) 9(1 + 2×7) – 6 × 5 – 43 + 26
DOWN
a)
b)
c)
d)
e)

The larger non unit factor of 2021
The value of the Roman Numeral MDCLXVI
The number of lead in the Periodic Table of Elements
8! (That is, 8 Factorial)
The flight distance in km between airports whose codes are DUB and SYD, correct to 3
significant figures.

f) 1024 to the power of

2
5

Cross out the answer to each question as it is found on the grid. Each answer must eliminate at
least one number not already eliminated.
What is the sum of the numbers not used in the Number Search?

Page 34

IMTA Newsletter 120, 2022

Peter’s Problem 2021
Solution to No. 21 Number Search
Unused
total

1

2

1

1

8

0

5

4

7

11

2

9

9

7

9

2

1

0

7

8

4

1

0

2

5

8

5

3

4

9

7

6

7

0

3

2

4

2

3

10

1

6

8

0

6

2

4

0

1

6

9

6

5

9

4

3

5

7

6

35

Total:

79

ACROSS
a) 75 – 1: 16806
b) The year of the birth of William Rowan Hamilton: 1805
c) This year, Peter’s Problem Competition begins on January 7th and all entries must be
submitted by March 5th.
The number of days which may be taken to complete the challenge: 58
d) The smaller non unit factor of 2021: 43
e) The speed of light in km per second, to the nearest kilometre: 299792
f) 9(1 + 2×7) – 6 × 5 – 43 + 26: 67
DOWN
a)
b)
c)
d)
e)

The larger non unit factor of 2021: 47
The value of the Roman Numeral MDCLXVI: 1666
The number of lead in the Periodic Table of Elements: 82
8! (That is, 8 Factorial): 40320
The flight distance in km between airports whose codes are DUB and SYD, correct to 3
significant figures.: 17200
f) 1024 to the power of 52 : 16

What is the sum of the numbers not used in the Number Search? Answer: 79
(Digits shown in bold on a white background)
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A profile of Irish second year post-primary
students’ knowledge of initial algebra
by Aoife O’Brien and Máire Ni Riordáin
The following is the foreward and executive summary of the report, “A profile of Irish second
year post-primary students’ knowledge of initial algebra”, by GMIT Engineering Mathematics
lecturer Dr Aoife O’Brien and UCC lecturer Dr Máire Ní Ríordáin, which is based on Dr O’Brien’s
doctoral thesis. The full report is available on: https://research.thea.ie/handle/20.500.12065/3867

Foreward
I am pleased and honoured to write a
Foreword to this important report, A profile of
Irish second year post-primary students’
knowledge of initial algebra by Dr Aoife
O’Brien and Dr Máire Ni Riordáin based on
Dr O’Brien’s doctoral thesis. As a lifelong
mathematics educator and researcher who is
passionate about improving all aspects of
mathematics/STEM teaching and learning
through evidence-based research, I am
delighted to be associated with the authors’
major empirical study on post-primary school
algebra in Ireland.
My first encounter with the author, Dr Aoife O’Brien, was at a mathematics education conference
(ICME-13). Her supervisor and mentor, Dr Máire Ni Riordáin, a wonderful colleague and friend,
introduced us. Dr O’Brien was then a lecturer in mathematics at Galway-Mayo Institute of
Technology (GMIT) and continues in this post today. She had just started her academic journey
as a doctoral student with my colleague, researching the learning and teaching of algebra in Irish
post-primary schools. I was excited when I learned the exact nature of her project. It appeared to
intersect and dovetail with two doctoral studies that I supervised at EPI*STEM, The National
Centre for STEM Education at the University of Limerick, one completed and the other ongoing
at the time. Subsequently, I stayed in touch with her project and was delighted to serve on the
author’s expert panel and offer advice on the development of her algebra screener, a wonderful
tool for mathematics teachers.
Competency in algebra and algebraic thinking are core concerns in all reform curricula
internationally including the new mathematics curriculum in Irish post-primary schools. Algebra
is challenging for students to learn and for teachers to teach at primary and post-primary level, and
this reality is universally recognised. This state of affairs is underlined by persistent
underperformance in algebra in state examinations as reported by the ERC, DES, Chief Examiner’s
reports, and international surveys where Irish schoolchildren have participated. Details of these
and other research are contained in the report’s extensive bibliography.
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Such reports are excellent and necessary in what they do to highlight issues with algebra and
mathematics education generally; however, they do not offer solutions for underperformance.
Unfortunately, there is no magic wand to conjure up a solution nor is it likely that there is a single
solution. However, evidence-based empirical research such as that undertaken by the authors and
reported here is essential if we are to understand obstacles to progress and chart pathways to
improved performance. We are very fortunate that we have in Ireland at this time, a vibrant
community of expert researchers in mathematics/STEM education capable of rising to the
challenges ahead, ranking high among them the report’s authors.
This study is unique in the Irish context in what it does and how it does it. The authors address a
gap in our knowledge of Irish students’ mathematical knowledge at the transition from arithmetic
to initial algebra (that occurs in year 2 of their post-primary education) particularly as regards the
strengths and weaknesses in their mathematical profile. The authors apply and exploit relevant
international research to guide their work, and in particular to develop a customised algebra test
(or screener) validated for the target audience to collect empirical data in a large-scale study of
Irish second year students’ knowledge of initial algebra.
Clearly, the goal is to improve students’ mathematics education through better algebra learning
and teaching. The authors appreciate the importance of this goal and the significance of algebra
for its success. The focus on students’ strengths and weaknesses establishes an important baseline
from which to start the process of building pathways to better understanding and improvements.
The report adds new evidence and insights in this area of study and is well balanced in that it
invites stakeholders to consider both strengths and weaknesses in their efforts to support teachers
and students in this core area of the mathematics curriculum.
There is much to be gained by improving mathematics education in schools since mathematics
underpins all the STEM and numerate disciplines. The stakes are very high and the rewards for
individuals and society are great: significant improvement in algebra learning and teaching will
lead to better outcomes in their mathematics education for post-primary students, better
preparation for STEM disciplines and other numerate disciplines in Higher Education (HE), and
better numeracy in the wider population. The expected payoff for better outcomes in these areas
is better economic outcomes and national prosperity.
The importance of algebra in children’s mathematics education and the nature and quality of the
research reported here make this a very important report for the advancement of Mathematics/
STEM education in Ireland. This report is essential reading for policy makers and all other
stakeholders in Irish education. The authors offer new tools, evidence and insights for the
advancement of algebra learning and teaching in school mathematics that will affect the quality of
students’ algebra and overall mathematics education and the preparation of their mathematics
teachers. By focussing on algebra learning and teaching, the authors chart a course for the
improvement of mathematics education in Irish Junior Cycle schools, and do this in an evidencebased way. This a very insightful and far-reaching approach nationally and internationally since
improvements in core areas of the STEM disciplines will contribute to better STEM education
outcomes.
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The authors are to be commended for their work and making their findings accessible to a wider
readership nationally and internationally in this report, while catering for a primary readership of
practitioners, teacher educators and policy makers, and mathematics/STEM education researchers.
John O’Donoghue
Emeritus Professor of Mathematics education
EPI*STEM, National Centre for STEM education, University of Limerick

Executive Summary
This research focuses on initial algebra as students transition from arithmetic to algebra, an area
of mathematics education known for its difficulties (Demonty et al., 2018; Kieran, 2007). Algebra
is identified by many as the language of mathematics and considered a prerequisite for further
study in mathematics in many disciplines such as science, technology, and engineering (Gavin &
Sheffield, 2015; Stacey & Chick, 2004). It has been argued that algebra is not only the gatekeeper
for higher education but also for citizenship.
Objectives of the Study
This report provides a profile of Irish second years students’ knowledge of initial algebra. Students
need to develop knowledge, skills, and abilities across a wide range of content areas to ensure
success with initial algebra. The prerequisite content areas include ratio and proportional
reasoning, fractions, decimals, percentages, integers, exponents, order of operations and equality.
The algebra content areas include variables, expressions, equations, functions, and patterns (Bush
& Karp, 2013; Warren & Cooper, 2008).
The central objective of the study was to develop a profile of Irish second year students’ knowledge
of initial algebra and from this:
1. Identify students’ strengths and weaknesses in the pertinent content areas for initial
algebra.
2. Identify prevalent errors and misconceptions that hinder students’ understanding and
progression with initial algebra.
3. Provide the empirical evidence to help mathematics teachers effectively guide their
instruction given the limited time available in the classroom.
4. Develop key recommendations to support mathematics teachers and researchers in the area
of initial algebra.
Evidence has emerged, through various government reports, research, and international testing,
that students in Ireland, like their international counterparts, are experiencing difficulties with
algebra (Chief Examiner, 2015a; Shiel & Kelleher, 2017). This study provides empirical evidence
based on the assessment of over 500 second year post-primary students during the academic year
2016-2017, as part of a PhD study. This report provides a summary of the results from this
assessment and identifies key content areas with which our students are struggling. This empirical
evidence has heretofore been unavailable.
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Study Design and Implementation
A two-stage cluster sample design was employed as is common in educational studies as it is
practical and allows for analysis at more than one level of data aggregation, that is between student
or between classes or indeed both if required (Ross, 2005). This type of design involves the
selection of schools (first stage) for inclusion in the study, followed by the selection of a cluster
(class) of students within the school (second stage). A non-probability sampling technique known
as snowball sampling where one participant (teacher/school principal) recommends at least one
other participant who in turn recommends another was employed in this study (Creswell, 2012).
The initial teachers were recruited through social media channels and personal and organisational
contacts of the researchers. The students were accessed solely through their teachers. Since a nonprobability sample method was used the final sample may not entirely represent the population
and therefore the generalisability of the results may be impacted.
The final sample comprised 19 post-primary schools, 29 teachers/classes, which resulted in a
sample of 667 students. Of the 19 schools, 11 (57.9%) were secondary schools, 7 (36.8%) were
vocational schools and 1 (5.3%) was a community/comprehensive school. All schools were
English medium schools and 3 (15.8%) carried a DEIS indicator. Due to absences on the day of
administration and lack of consent/assent 555 students’ data were included in October 2016 and
476 in April 2017. Of the 555 students assessed in October 305 (55.0%) were male, 248 (44.7%)
were female and 2 (0.4%) preferred not to say. In April 264 (55.5%) were male and 212 (44.5%)
were female.
The assessment utilised, known as a screener, was specifically developed, and validated for Irish
second year post-primary students as a part of this study. Ethical approval was sought and granted
for this research through the National University of Ireland, Galway. Students were assessed in
their own classrooms supervised by their own mathematics teacher in early October 2016 at the
start of the academic year and again in April 2017 towards the end of the academic year.
Key Findings
The empirical results reported here are the first of their kind for Irish second year post-primary
students and provide valuable information for researchers and educators in the Irish context. They
also provide important evidence in the international context that algebraic errors are common to
students of all nationalities exposed to different curricula worldwide. The following provides a
summary of key findings and their importance for mathematics teaching and learning.
Students’ Strengths:
Students who can interpret the equal sign correctly and see it as a relational symbol have more
flexibility when working with equations and therefore a sound understanding of equality is
essential to succeed with algebra. Those who misinterpret the meaning of the sign, taking it to
mean ‘perform a calculation’ that is viewing it as an operational symbol will struggle to work with
equations (Stephens et al., 2013). Two items on the screener assessed equality, and these were the
best answered items with over 80% of students answering both items correctly. Therefore, the
important content area of equality is well understood by the sample and shows that the effort at
primary level dedicated to this important concept has been worthwhile (NCCA, 1999).
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Proportional reasoning is regarded as one of the major components of formal thought and once
achieved this form of thinking can assist with learning throughout all disciplines of science,
mathematics, and life (Bush & Karp, 2013). Students do not always develop proportional
reasoning skills naturally, and often mistakenly apply additive thinking to problems that require
proportional reasoning (Hilton et al., 2013). A visual assessment task was used to assess
proportional reasoning and over 70% of students answered correctly demonstrating that the
majority have a good understanding of this key content area. Proportional reasoning is a key aspect
of numeracy covered at junior cycle (NCCA, 2017) and these results demonstrate that most of our
students understand the concept.
When working with numbers students often learn a particular procedure for dealing with a type of
number, for example using the common denominator when adding fractions. Therefore they rely
on memory when trying to deal with these numbers (Bush & Karp, 2013). The lack of
understanding of different number formats and associate procedures leads to an inability to apply
the rules correctly when working with variables in algebra. Evidence of students struggling with
fractions and decimals has emerged in the results of this study and these are discussed below.
However, most students (over 64%) were able to compare 40% of €400 and 0.75 of €200 correctly
without the use of a calculator. Being able to compare and order numbers are important skills and
required for applying rules correctly when working with variables. It also enables a student to
assess if a solution to an equation or inequality is reasonable (Bottoms, 2003).
The distributive property is fundamental to students’ ability in algebra, given that it is used
frequently in the transformation of expressions in both simplifying and factorising. In algebra
finding equivalent expressions is frequently required, for example an expression being factorised
3x + 6 = 3(x + 2). This manipulation requires an underlying sense of the properties of numbers
(Bush & Karp, 2013). Procedural proficiency with the distributive property when dealing with an
expression was evidenced by most students (over 64%). Traditionally students are given the
opportunity to practise the distributive property with repeated drill exercises of the form 3(x + 2),
that is multiplying out brackets, which allows students to become proficient in applying the
property without acquiring a full understanding of it. That is students are fluent in the
transformative rules and symbol manipulation of algebra, however they view these as superficial
movement of symbols without an actual understanding of the structural properties (Kaput, 1989).
Without this true understanding, errors occur in the students’ work as they reach more advanced
algebraic expressions. Evidence of a lack of this deeper understanding of the distributive property
emerged from the responses to other items on the screener specifically in relation to exponents
which is discussed below. Many researchers believe that allowing students to investigate the
properties of numbers will assist students in learning, retaining knowledge and relational
understanding, which in turn will create a strong foundation for algebra (Bush & Karp, 2013).
The ability to see patterns, explain them and represent them with algebraic symbolism is important
for mathematical problem solving (Ayalon et al., 2015). When working with patterns the
relationship which lies between the pattern and its position in a functional relationship must be
identified, and to do this an expression or formula must be created using variables. In doing this a
context for the use of variables is set for students, assisting their understanding of a variable as a
varying quantity rather than a specific unknown (Tanişli & Köse, 2011). In this study students
were asked to complete a table for the number of sides in the perimeter of a stacked hexagon
pattern. This was well answered with over 70% of students completing the table correctly.
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Identifying the correct description and formula to represent the pattern however was a less well
answered part of the task (~50% and ~30% respectively). This points to lack of understanding of
variables and the ability to form an expression.
Forming algebraic expressions is a notoriously difficult task, whereby the translation from word
problem to expression often results in errors (Bush & Karp, 2013). The results of this study show
that when asked to write an expression for the perimeter of an equilateral triangle of side c, that
over 70% were correctly able to write 3c. When asked to write the expression for a perimeter of a
pentagon with 4 equal sides of h and one side t, just over half of students succeeded. The most
difficult task showing an open sided shape with n sides of length 2 was answered correctly by very
few. Often students’ struggles with algebraic expression result from misconceptions with variables
and this lack of understanding of variables is evident in the results (Bush & Karp, 2013). Further
issues with algebraic expressions arise when students fail to simplify properly in that they do not
add and subtract like terms, for example a common error is to simplify 2x + 4 to 6x (Kieran, 1992).
Another error is to detach terms (which may or may not contain a variable) from the operations
(Jupri et al., 2014; Linchevski, 1995). Furthermore, believing that the sign ‘belongs’ to the
preceding term rather than the term after leads to simplifying expressions such as 2 – 3x + 2x to 2
– 5x. The task assessing simplification of an algebraic expression was answered correctly by
approximately half of the sample.
Students’ Weaknesses:
The results of this study show that most of the sample struggled with the pertinent content areas
of fractions, decimal number magnitude, exponents, integers, order of operations, variables,
forming expressions, and forming and solving equations. An understanding of these key
prerequisite content areas is essential for success with algebra and the results here point to why
our students are struggling with algebra overall (Bush & Karp, 2013).
Siegler et al., (2012) conducted a study using longitudinal data from the UK (1980 – 1986) and
USA (1997 – 2002). The aim was to identify long term predictors of post-primary students’ ability
in algebra. It revealed that a student’s knowledge of fractions and division uniquely predicted a
student’s knowledge of algebra and overall mathematical ability five or six years later. In Ireland,
a lack of knowledge of fractions on entering post-primary school is reported as impacting
negatively on algebra performance (Shiel & Kelleher, 2017). Four items on the screener assessed
fractions and only one of these items were answered correctly by more than 50% of the sample at
both administrations. The remainder of the items were answered correctly by less than 1 in 2
students. Items assessing equivalent fractions and multiplying fractions were answered correctly
by approximately 2 in 5 students, while the item assessing relational knowledge of fractions was
answered correctly by only 1 in 5. Fraction knowledge is an important prerequisite for the study
of algebra and there are numerous common errors encountered in student workings both nationally
and internationally (Booth et al., 2014; Bush & Karp, 2013).
A study by DeWolf et al., (2016) aimed to pinpoint what aspect of fraction knowledge was best at
predicting algebra performance. They concluded that an understanding of decimal magnitudes
when assessed by a number line task and a relational understanding of fractions are strong
predictors of algebra performance. A number line task was used to assess decimal number
magnitude where students were asked to place a hatch mark on the number line for a given decimal
number. More than half of the students in the sample (55%) could not place the hatch mark within

IMTA Newsletter 120, 2022

Page 41

plus or minus 10% of the correct location which indicates difficulties with understanding decimal
number magnitude. Items assessing relational fraction knowledge, were answered correctly by
only 1 in 5 of students. Our students are struggling with these key prerequisite areas for success
with algebra.
An understanding of exponents is required throughout algebra in both the transformational skills
and the generational global/meta level skills (Bottoms, 2003; Bush & Karp, 2013).
Transformational skills include factorising, multiplying, dividing, and simplifying algebraic
expressions all require a knowledge of exponents. Two items assessed exponents, and these were
among the worst answered items of all. Approximately only one in ten students were correctly
able to square an expression. The more straightforward item on asking students to square 𝑥𝑥 5 was
answered correctly by approximately one in three students only. Exponential notation consists of
two parts, a base and exponent and it is a way of expressing repeated multiplication. The ability to
understand and work with exponents requires understanding the notation, the meaning and
properties of exponents and it is known to be a difficult mathematical topic for students of all ages
(Ulusoy, 2019).
Knowing the order in which to carry out arithmetic operations is a fundamental skill required for
algebra (Bottoms, 2003). There are many common misconceptions when dealing with the order of
operations, the most common of which is carrying out operations in order from left to right (Booth
& Carlton Johnson, 1984). One item assessed order of operations asking students to evaluate 13 −
3 × 4 + 2. Only one in three students approximately were able to evaluate this correctly as 3. The
most common error was indeed working left to right, with approximately one in three students
doing this. Additionally, just less than one in five students answered -1, believing that addition
supersedes subtraction. This may have to do with a lack of understanding of integers or it may be
as a result of having learned order of operations through a mnemonic (Schwartzman, 1996) e.g.
BOMDAS/BIRDMAS.
Kieran (1992) asserts that many misconceptions and common errors in algebra are generally rooted
in the meaning of symbols or the letters used. Much research has been conducted into students’
difficulties in working with algebraic variables and it is identified as a key area for student
misconceptions (Asquith et al., 2007; Booth et al., 2014; Bush & Karp, 2013; Jupri et al., 2014;
Perso, 1991). An essential element of algebraic thinking is a rich understanding of variables
(Hunter, 2010). Common misconceptions with variables include viewing variables as labels, and
the belief that a variable is just a missing value rather than varying values (Asquith et al., 2007;
Bush & Karp, 2013). Evidence of second year students incorrectly understanding a variable as a
label has emerged in this study. One item designed by Küchemann (1981), to identify a students’
understanding of a variable was answered correctly by approximately one in four students. Two
in five students understood the expression 8𝑏𝑏 + 6𝑚𝑚 to mean “8 books and 6 magazines” despite
being told that b stood for the number of books and m stood for the number of magazines. When
a student is at the stage of understanding a variable as a label only, this results in further errors
with algebraic expressions (Kuchemann, 1978). In the original study by Küchemann (1981), it was
reported that 39% of 14-year-olds made this error. A study from almost twenty years ago in the
US used this item (modified to 4 cakes and 3 brownies) and found that 37% of grade 7 students
and 27% of grade 8 students made the same error (equivalent to first and second year post primary
in Ireland). It appears that despite the changes in pedagogy and approaches to teaching algebra
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internationally and in Ireland, the proportion of students making this error has increased over the
decades (Kieran et al., 2016; Prendergast & Treacy, 2017).
Algebra has been viewed by many for centuries as the science of equation solving (Kieran, 2004).
An ability to work with variables, write algebraic expressions, and to form and solve equations is
the essence of success for initial algebra as it is fundamental in preparing for more advanced
algebraic concepts (Capraro & Joffrion, 2006). There are several items on the screener that assess
knowledge of equations. The first of these asks students to solve 4 − 𝑥𝑥 = 5 andless than 1 in 3
students could solve this equation at the beginning of second year. The main error in attempting
to solve the equation arises from the incorrect application of the addition inverse, possibly due to
the minus in front of the x, whereby students may be confused as to whether the negative sign
means subtraction or is part of a negative number (Vlassis, 2008). This lack of understanding is
further evidenced on the item asking for the next step to solve 5𝑧𝑧 = 30 (Chung & Delacruz, 2014).
The most prevalent error was students incorrectly choosing 𝑧𝑧 = 30 − 5, the incorrect application
of subtraction as the inverse to multiplication in solving the equation.
Solving linear equations is difficult with up to fifty concepts involved (Chung & Delacruz, 2014)
and it was not possible to investigate all within the scope of this study. The results of various items
show that the minus sign is problematic for some students where they are possibly viewing it at
the subtrahend level of subtraction only (Vlassis, 2008). This is evident in the responses to the
item on order of operations, where some students mistakenly believe that addition supersedes
subtraction as mentioned. It is also evidenced in the item which asks students to solve 4 − 𝑥𝑥 = 5,
with some students dropping or ignoring the minus sign when solving this equation. Issues with
the minus sign are also evident from another item assessing equations which asked students to
identify the next correct step in solving 7ℎ − (3ℎ − 2) = 38. The errors made on this item identify
that approximately two in five students do not recognise the minus sign as an operational signifier
(Vlassis, 2008).
Key Recommendations
Irish students struggle with initial algebra as much as their international counterparts. Evidence
presented here shows many strengths as well as common errors and misconceptions recognised in
the literature, and it provides a much greater depth of understanding of Irish post-primary students’
difficulties than was previously known. It is hoped that this research will serve all stakeholders in
mathematics education in understanding the strengths and weaknesses of students as they begin to
grasp algebraic concepts. The information produced here can be used to determine how best to
support teachers and students in this area of mathematics education which is well documented as
difficult to teach and learn (Demonty et al., 2018; Kieran, 2007).
The key recommendations based on the findings from this research include:
•
•
•

The development of evidence-based teaching interventions in key content areas to help
remediate the common errors and misconceptions held by our students.
The appointment of specialist mathematics educators in both primary and post-primary
schools to support existing teachers and instruction.
The development and validation of a suite of cognitive diagnostic assessments. These
assessments would help educators and researchers fully understand students’
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misconceptions and thinking in more depth, leading to more targeted use of appropriate
interventions (Groß et al., 2016).
Professional development for mathematics educators where required and the opportunity
to work collaboratively. Discussion around the common errors identified in this study
among teachers can allow for tailored specific plans for instruction to help remediate these
errors.
The consideration of these findings at policy level, for both primary and junior cycle levels.
It is recommended that a bridging course between primary and post-primary relating to
pre-requisite algebra be developed to support learners in the transition from arithmetic to
algebraic thinking.

The information provided in this research report can help mathematics teachers and researchers
from primary level through to third level by allowing them to focus on strengths and key problem
areas relating to algebra. By being more aware of the misconceptions and areas of mathematics
with which their students struggle teachers can plan instruction accordingly. “If one is truly to
succeed in leading a person to a specific place, one must first and foremost take care to find him
where he is and begin there” (Kierkegaard, 1962, p. 45).

Elizabeth Caird RIP
With the death in March 2022 of Elizabeth Caird, the IMTA lost what we believe to be its final
link with our founding generation. The Association was established formally in 1964. As a young
mathematics teacher, Elizabeth attended the first meetings; she became a member of the Dublin
Branch, and for a period in the IMTA’s early years served on what was then called the Standing
Committee (now Council). Later, on returning from a long spell working in England, she again
took an active part in Dublin Branch affairs, and for a while in the “noughties” she was the
Branch’s Council representative. Retirement did not quench her enthusiasm; she still attended
meetings, and during the Covid pandemic her support continued via Zoom. The Association will
greatly miss such a long-term loyal member.

The photograph shows Elizabeth with (left to right) Fr. Brendan Steen, Maurice OReilly and
Olivia Bree before the Dublin Branch AGM in 2015.
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Peter’s Problem 2022
Peter’s Problem 2022 was won by Killian Ward of Coláiste Éidne in Salthill, Galway. Killian
received a cheque from the Irish Mathematics Teachers’ Association for €400 and his teacher,
Gabrielle Murphy €100. A total of 421 entries were submitted from 57 different schools.
Problem No. 1
There are 52 pages in a tabloid newspaper.
What other 3 pages are on the same sheet as page 10?
Solution to No. 1
Five sheets are required to give the first 10 pages with odd numbered pages on the right and even
numbered on the left. Thus page 10 will be on the left backing page 9.
These five sheets also give the last 10 pages from pages 43 to 52. The page numbers on the same
sheet as page 10 are pages 43 and 44.
Answer: The page numbers are 9, 43, 44

Problem No. 2
The MetroSur underground railway in Madrid runs in a circle loop in both directions – Sentido
Andén 1 (To Platform 1) or Sentido Andén 2 (To Platform 2). It takes one hour to complete the loop.
On certain days of the week the trains in the direction of Andén 1 (Platform 1) leave Puerta del Sur
station every 10 minutes starting on the hour while the trains in the direction of Andén 2 (Platform 2)
leave Puerta del Sur station every 10 minutes starting 5 minutes after the hour. On occasion, the
Metro has run on a 24-hour basis.
On one of these occasions if I take a complete round trip from Puerta del Sur station in one direction,
how many trains will I pass which are going in the opposite direction?
Show all calculations on the Long Answers sheet.

Solution to No. 2
If I leave Puerta del Sur at 12:00 in the direction of Platform 1 the first train that I meet is the 11:05
from Puerta del Sur in the direction of Platform 2 (which gets to Puerta del Sur at 12:05), followed
next by the 11:15, 11:25, 11:35, 11:45, 11:55, 12:05, 12:15, 12:25, 12:35, 12:45 and the 12:55 which
is the last as I will arrive in Puerta del Sur again at 13:00. That is 12 trains in total.
Answer: 12 trains.
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Problem No. 3
There are 22 numbers in the list below. 19 of the numbers may be inserted in the grid.
Write down the sum of the 3 numbers from the list which cannot be included on the grid
18

106

2022

21573

48

137

5143

41488

94

164

5623

51746

98

547

7267

52486

548

9142

81693

639

9442

84163

2

0

2

2

Solution to No. 3

5
1
4

3

9

4

5

1

7

1

6

4

2

0

2

2

1

6

3

2

6

8

1
4
8

4

8

5
7

5

1

7

4

3

98 + 9442 + 52486 = 62026 Answer: 62026

7

4

8
1

4

6
9

6

3

9
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Peter’s Problem 2022
Problem No. 4
What is the next number in the sequence 3, 3, 4, 6, 9, 13, 18, 24, 31, …

Solution to No. 4
The differences between the successive terms of the sequence are:3 – 3 = 0; 4 – 3 = 1; etc,
The sequence of difference is 0, 1, 2, 3, 4, 5, 6, 7, …The next difference is 8.

Problem No. 5
In the summer of 2021 Laura got a job in the local supermarket, working every third day. John also
got a job there, but working Saturdays only. The shop is open 7 days a week. If both started work on
June 5th, what was the next date on which both of them were working on the same day?
Solution to No. 5
Since June 5th 2021 was a Saturday we can set out the calendar as follows:
John works on Saturday’s only: June 5th, 12th, 19th,26th, …
Laura works on Saturday June 5th and on each third day following: June 5th, 8th, 11th, 14th, 17th, 20th,
23rd, 26th, …
Problem No. 6
The sides of a regular decagon are labelled consecutively from A to J. How many diagonals, each
longer than |AC|, can be drawn in the decagon?
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Peter’s Problem 2022
Solution to No. 6

C

D
E

B

A

F

G

J
I

H

Label the vertices A, B, C, D, E, F, G, H, I, J as illustrated.
|AC| = |AI| so two of the seven diagonals from A cannot be counted. Similarly, we can count, at
most, five diagonals from each of the other vertices. After the third vertex we find that some or all of
the diagonals have been counted already.
We have : From A: 5 diagonals; From B: 5 diagonals; From C: 5 diagonals; From D: 4 diagonals
since one is a repeat (|DA|); From E: 3 diagonals (2 repeats); From F: 2 diagonals (3 repeats); From
G: 1 diagonal (4 repeats).
All diagonals from H, I and J are already counted.
Thus the total is 5 + 5 + 5 + 4 + 3 + 2 + 1 = 25 diagonals. Answer: 25.
Problem No. 7
How many three-digit multiples of 9 only contain odd digits?
Note: the sum of the digits of all numbers divisible by 9 is always a multiple of 9.
Solution to No. 7
The following array shows all the odd digits in three columns. Each choice of three digits must total
a multiple of 9. Thus we can have 117, 171, 711; 135, 153, 315, 351, 513, 531; 333; 999 for a total
of 11 three-digit numbers with only odd digits which are multiples of 9. Answer: 11
1

1

1

3

3

3

5

5

5

7

7

7

9

9

9
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Peter’s Problem 2022
Problem No. 8
In a downtown café each table has 3 legs and each chair has 4 legs. There are 6 members of staff.
There are 2 chairs at half of the tables and 4 chairs at the other half. At a certain time two thirds of
the chairs are occupied by customers. Each person in the café has 2 legs. There are 582 legs
altogether in the café. How many chairs does the café have?
Solution to No. 8
Let 2x be the number of tables. These have 3(2x) = 6x legs.
Then x is the number of half the tables. These have 2 chairs each which is 2x chairs.
These chairs have 4(2)x legs = 8x legs.
Also, x tables have 4 chairs each which is 4x chairs. These chairs have 4(4)x = 16x legs.
The total number of chairs is 2x + 4x = 6x. Two-thirds of these are occupied. That is 2(6x)/3 which
is 4x chairs are occupied.
A person at each of these chairs means that there are 2(4x) legs of people = 8x customers’ legs.
In addition there are 2(6) = 12 legs of staff members.
The total number of legs is 6x + 8x + 16x + 8x + 12 = 582.
Therefore, 38x + 12 = 582 => 38x = 570 => x = 15.
There are 6x = x(15) = 90 chairs.
Answer: 90 chairs.

Problem No. 9
On a digital read-out on a calculator the digits 0 – 9 appear as follows using LED lights.

‘Zero’ (0) is shown using 6 LED lights; ‘One’ (1) is shown using 2 LED lights; ‘Two’ (2) is shown
using 5 LED lights; etc, as illustrated.
A fault occurs when a 3-digit number is keyed in. Any two of the LED lights malfunction and light
up in the wrong place, occasionally causing a different 3-digit number to appear.
How many possible legitimate 3-digit numbers could now be displayed when 403 is keyed in?
Illustration:

could appear but it is not a legitimate number.
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Solution to No. 9
There are 15 possible 3-digit numbers which can be created.

108

406

478

484

487

702

705

709

904

907

923

933

953

963

993

Answer: 15
Problem No. 10
I must score 501 to win a darts game. I am allowed 3 throws of a dart at each visit to the oche. On
the first visit I scored (treble 20, treble 19, double 18); on my second visit I scored (treble 20, treble
20, treble 5); on my third visit I scored (treble 15, 1, treble 20).

Solution to No. 10
Totals: 1st visit 153; 2nd visit 135; 3rd visit 106, Total so far: 394. Need to score 107 to win.
Answer: Example scores: treble 19, double 9, double 16 (57 + 18 + 32 = 107).
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Problem No. 11
Each letter stands for a different digit. Find the number represented by CARE in the following
addition problem:
E R R
+

E R

R

C A R

E

Solution to No. 11
th h t u
E R R
+ E R R
C A R

E

Two different results for R + R (ie. 2R = E in Units; 2R = R in Tens) means that there must have
been a Carry Digit from the Units position.
Since R+R = R in the Tens column, then R must be 9, as 9 + 9 + 1 carried = 19 and 9 is the only
digit which returns itself in this manner.
Substituting for R in the Units column we see E must be 8 (9 + 9 = 18).
Substituting in the Hundreds column for E we get 8 + 8 + 1 carried = 17 which gives C = 1 and A =
7. So, C =1, A = 7, R = 9, E = 8.
Answer: CARE = 1798
Problem No. 12
Agfrud and Breol were hired at the same time by a technology company. They both started with a
salary of €10 000 per year but with different special contracts. Every six months Agfrud’s pay rose
by €500 compared with that for the previous 6-month period. Every year, Breol’s pay rose by €1
600 compared with that for the previous 12-month period.
Three years later, who had earned more and by how much?
Note: Contracts are made at the start of a year or period but only fully paid by the end of that year or
period.
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Solution to No. 12
st

Yr. 1: End of 1 6 months
End of Year 1
Yr. 2: End of 1st 6 months
End of Year 2
Yr. 3: End of 1st 6 months
End of Year 3

Agfrud’s earnings

Agfrud’s total

€5000
€5500
€6000
€6500
€7000
€7500

€5000
€10500
€16500
€23000
€30000
€37500

Breol’s earnings

Breol’s total

€10000

€10000

€11600

€21600

€13200

€34800

Answer: Agfrud has earned more after 3 years. The difference is €37500 - €34800 = €2700.
Problem No. 13
A householder is hanging a large painting using picture wire which does not stretch. The hooks
on the frame of the painting are 1m apart and are inserted 20 cm below the top of the frame. The
householder adds 5·5% to the length of the wire between the hooks to allow it to hang from the
middle onto the bottom of a wall-hook. The wall-hook is 3cm in height. How far, correct to the
nearest mm, will the top of the wall-hook be below the top of the frame?
Solution to No. 13

20cm

52.75cm

Wall-hook:
3
16.81cm

50cm

50cm

The length between the hooks is 1m. With 5·5% extra the length of the wire for the hanging is 105·5
105.5
cm. The middle is attached to the wall-hook which allows
= 52 · 75 cm on each side between
2

the picture-hooks and the wall-hook. We can form a right-angled triangle with base 50 cm and
hypotenuse 52.75cm. Using Pythagoras Theorem, √52 · 752 − 502 = √282 · 5625 = 16 · 80959.
Thus, we find that the wire has been raised by 16·81 cm, correct to 2 decimal places.
This will reach the bottom of the wall-hook. The wall-hook is 3 cm high and so the top of the wallhook is 16·81 + 3 = 19·81 cm above the level of the picture hooks.
Since the picture hooks are 20cm from the top of the frame, the top of the frame will be 20 – 19·81
= 0·19 cm above the top of the wall-hook. This is 1·9 mm = 2 mm correct to the nearest mm.
Answer: 2mm.
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Problem No. 14
A rectangular garden is one metre longer than it is wide. A gardener has to cover its surface
completely with weed barrier material which comes in rolls which are 1m wide. The gardener uses
110m from the roll. How wide is the garden?

Solution to No. 14
The area of the weed barrier material used is1x110m2. This is the area of the garden.
Let W metres be the width of the garden.
Then (W)(W+1) = 110 leading to W2 + W – 110 = 0. Hence, (W – 10)(W + 11) = 0 and W = 10
taking the positive result only.
The garden is 10m wide.

Problem No. 15
The points A, B, C, D, E, F are collinear and the points P, Q, C, R, S are collinear, as shown. How
many different triangles may be formed by joining the points as vertices?
.A
.B
.P

.Q

.C
.D
.E
.F

.R

.S
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Solution to No. 15
Using point A as one vertex and any two points from the centre row of 5 points as the other two
vertices of a triangle will allow 10 triangles to be formed.
Similarly, we may form 10 triangles for each vertex B, D, E, F. That is, 50 triangles in total.
Using point P as one vertex and any two points from the centre column, except point C, as the other
two vertices (ie using 5 of the points) will allow 10 triangles to be formed. Similarly, we may form
10 triangles for each of the vertices Q, R, S. That is, a further 40 triangles.
The total number of triangles is 50 + 40 = 90 triangles.
Answer: 90
Alternative solution:
An alphabetical list:
All triangles using vertex A: ABP, ABQ, ABR, ABS, ACP, ACQ, ACR, ACS, ADP, ADQ, ADR,
ADS, AEP, AEQ, AER, AES, AFP, AFQ, AFR, AFS, APQ, APR, APS, AQR, AQS, ARS – 26
triangles;
All triangles using vertex B (but not A): BCP, BCQ, BCR, BCS, BDP, BDQ, BDR, BDS, BEP,
BEQ, BER, BES, BFP, BFQ, BFR, BFS, BPQ, BPR, BPS, BQR, BQS, BRS – 22 triangles;
All triangles using vertex C (but not A nor B): CDP, CDQ, CDR, CDS, CEP, CEQ, CER, CES,
CFP, CFQ, CFR, CFS – 12 triangles;
All triangles using vertex D (but not A nor B nor C): DEP, DEQ, DER, DES, DFP, DFQ, DFR,
DFS, DPQ, DPR, DPS, DQR, DQS, DRS – 14 triangles;
All triangles using Vertex E (but not A, B, C, nor D): EFP, EFQ, EFR, EFS, EPQ, EPR, EPS, EQR,
EQS, ERS – 10 triangles;
All triangles using vertex F (but not A, B, C, D nor E): FPQ, FPR, FPS, FQR, FQS, FRS – 6
triangles.
Problem No. 16
All of the students in a school are to be lined up in rows for the St. Patrick’s Day parade.
If they line up in rows of 3 there is one left over.
If they line up in rows of 4, two students are left over.
If they line up in rows of 5, three students are left over.
If they line up in rows of 6, four students are left over.
If they line up in rows of 7, no one is left over.
What is the smallest number of students which could be in the school?
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Solution to No. 16
The number of students must be a multiple of 7.
Multiples of 7 which leave a remainder of 1 after division by 3 are: 7,28, 49, 70 … of the form 21n
+ 7.
Of these, the number must be even and leave a remainder of 2 on division by 4. These are:
70, 154, 238, … of the form 84n + 70.
Of these, the number must leave a remainder of 3 on division by 5. These are:
238, 658, 1078, …. Of the form 420n + 238.
Each of these also leaves a remainder of 4 on division by 6.
Therefore the smallest number of students which could be in the school is 238.
Answer: 238 in the school. [3·79 + 1; 4·59 + 2; 5.47 + 3; 6·39 + 4; 7·34]

Problem No. 17
A 600m long tightrope is suspended over an Irish city street. It is fixed at both ends at equal heights.
The weight of the tightrope walker causes the rope to sag by 3o from the horizontal as measured in a
direct line from the bottom of the walker’s feet to a fixture point at either end when the walker is at
the middle of the walk. A minimum of 3 m clearance is required for buses or trucks which pass
underneath. What is the minimum height for the placement of the fixtures at the ends? Give the
answer in metres correct to the nearest cm. Regulations for vehicle heights may be found on the
website of the Department of Transport, Tourism and Sport.

Solution to No. 17
A
Fixture

300
3

h

at A
23·37m

B

o

Clearance 3m

C
4·65

In the right-angled triangle ABC the base, AB, is 300m and the angle at A is 3o. The height, h, then
is 300tan3o = 15·722 m. This is the amount of sag at the centre. The regulation for vehicle heights
gives the maximum truck height as 4·65m. With a clearance of 3m we then have the height of the
fixtures as 4·65 + 3 + 15·722 = 23·372 = 23·37 m to the nearest cm.
Answer: 23·37 m
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Problem No. 18
A 4-digit number is a perfect square. When I add 1 to each of the digits, another 4-digit perfect
square is formed.
Which is the smaller of the perfect squares?

Solution to No. 18
Let the square number be a2 = xyzw. This can be written as 100x + 100y + 10z + w. Then we also
have the number (x + 1) (y + 1) (z + 1) (w + 1) which is also a perfect square, say b2.
We can write this new number as b2 = 1000x + 1000 + 100y + 100 + 10z + 10 + w + 1 which is
1000x + 100y + 10z + w + 1111. That is, b2 = a2 + 1111 which gives b2 – a2 = 1111.
Factoring, we get (b – a)(b + a) = 1111 = (11)(101).
Solving
b – a = 11
b + a = 101
= 112 => b = 56 and a = 45. Hence, the smaller number is a2 = 452 = 2025.

2b
Ans: 2025

(452; other number 3136 = 562)

Problem No. 19
Insert each of the digits 2-9 in each of the empty boxes below so that the three rows across and the
three columns down form correct arithmetic sentences. ALL OPERATIONS ARE FROM TOP TO
BOTTOM AND LEFT TO RIGHT.
What is the value of K + L, when both K and L are whole numbers?
×
+
(

÷
÷

-

1)

=2

×
×

+
-

= 15

= 24
÷

+
= 15

=K
=L
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Solution to No. 19
5

×

+
(4

÷

÷
-

7

9

1)

=2

6
15

15

×
×

+
-

3

8

24

÷
+

2

K=3

L = 12

Answer: K + L = 15
Problem No. 20
Sixty €1 coins are placed side by side in a straight row. Every second coin is then replaced by a 50
cent coin. Every third coin is then replaced by a 20 cent coin. Every fourth coin is then replaced by a
10 cent coin.
What is the value of all the coins in the row now?
Solution to No. 20
Let each position containing €1 be numbered in turn from 1 – 60.
Starting from the last instruction we have the following:
Each position whose number is divisible by 4 contains 10 cent. That is, positions 4, 8, 12, 16, 20, 24,
28, 32, 36, 40, 44, 48, 52, 56, 60. There are 15 positions giving 15 × 10 cent pieces = €1·50.
Each position number divisible by 3 and not already filled above contains a 20 cent piece. That is,
positions 3, 6, 9, 15, 18, 21, 27, 30, 33, 39, 42, 45, 51, 54, 57. There are 15 positions giving 15 × 20
cent pieces = €3·00.
Each position number divisible by 2 and not already filled above contains a 50 cent piece. That is,
positions 2, 10, 14, 18, 22, 26, 34, 38, 46, 58. There are 10 positions giving 10 × 50 cent pieces =
€5·00.
So far, 15 + 15 + 10 = 40 positions have been accounted for. The remaining 60 – 40 = 20 positions
each contain €1. This gives €20.
The total value now is €20·00 + €5·00 + €3·00 + €1·50 = €29·50
Answer: €29·50
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Problem No. 21
Two squares touch at the centre of a circle (as shown). If the larger square has area 64cm2 what is
the area of the smaller square?
64cm

Solution to No. 21
The side of the large square has length 8cm.

8

The centre is at the middle of the side and so
4

the right-angled triangle has sides 4 and 8.

2

64cm

40cm2
√80 x

The hypotenuse is √80 which is also the radius length.

In the small square the radius is the diagonal which is √80.

√80

x

2

Let the side of the small square be x cm and its area is x cm .
Then the right-angled triangle has sides x, x and √80.

Therefore x2 + x2 = (√80)2

This implies 2x2 = 80 and therefore x2 = 40 which is the area of the small square.
Answer: 40cm2

Problem No. 22
A cheetah runs at a speed of 81 km. per hour and a snail moves at 25 hours per km. How long, in
hours minutes and seconds, would it take the snail to cover the same distance as the cheetah covers
in 18 seconds.
Show, in detail on the Long Answers sheet how you arrived at your answer.
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Solution to No. 22
81km/hr = 81000/3600 m/sec. For 18 seconds the cheetah travels 18(81000)/3600 = 405 m.
The snail will travel 405m in 25(405/1000) = 10.125 hrs.
This is 10hrs 7mins 30seconds.
Problem No. 23
Thirty-one teams apply to enter a competition. The organisers agree to split the teams into two
divisions where each team plays each other team in their division once only and no team in the other
division. There are 45 more games played in the larger division than in the smaller one. How many
teams are in the smaller division?

Solution to No. 23
Suppose the two divisions had 15 teams and 16 teams respectively. Then there would be 15 more
games in the group of 16.
Suppose next that the two divisions had 14 teams and 17 teams respectively. The three extra teams
in the group of 17 would have to play 16 extra for the 17th team, 15 extra for the 16th team (since the
17th team has played them already) and, similarly, 14 extra for the 15th team giving a total of 45
extra games for this group.
Therefore, there are 14 teams in the smaller group.
Answer: 14 teams.
Problem No. 24
Visit the STEPS Engineers Ireland website (Schools section)
https://www.engineersireland.ie/Schools/Explore-Engineering/What-do-engineers-do/Great-feats-ofengineering
and in the article concerning Great Feats of Engineering find the answer to the following question:
What did the National Academy of Engineering once call ‘the greatest engineering achievement of
the 20th century’
Solution to No. 24
Item No. 4, under the heading ‘Modern Age 1500-present’, has the relevant reference which is to
Electrification.
Answer: Electrification
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Codes and Ciphers
By Ronan Flatley
Excerpt from MIghTY Maths: Mathematical Investigations for Transition Year
Introduction
In today’s world, the ability to secure information is hugely important. Vast amounts of personal
data are managed online and stored in servers in the cloud that are permanently online. It is vital
that such data is protected from unwanted access. Without the ability to keep data private, buying
with a debit or credit card would not be possible. Logging onto games servers with a password
could not work as it does now.
Suppose you want to send a message secretly. If the channel along which the message will travel
is secure, then you can send it as ordinary text because you can be sure that only the intended
receiver will read it. However, if you are sending the message along a channel that is not secure,
for example using a folded sheet of paper to be passed through the classroom or via the Web or
wi-fi, then you need to write your message in a secret code so that nobody can read it without
knowing the code. We say that you encode the message using a cipher. Ideally, only the receiver
(and you) knows what the cipher is. Using the cipher, the receiver can then decode the message.
So, what exactly do we mean by cipher?
According to Collins Dictionary, we have
Cipher
1. a method of secret writing using substitution or transposition of letters according
to a key
2. a secret message
3. the key to a secret message
In this article we use the first and third meanings for the term cipher. It is either the method of
encoding or the key to a secret message.

Ciphertext

Cleartext
Table 1. Caesar cipher with shift 1
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Methods of encoding
There are many methods we can use for encoding a message. One of the basic methods is to use a
substitution cipher which substitutes a given letter for another later according to a rule. A Caesar
cipher is a simple example of a substitution cipher. In a Caesar cipher every letter of the alphabet
is shifted a fixed number of positions. For example, if the shift is 1, A gets replaced by B, B by C,
C by D and so on. Table 1 shows the complete Caesar cipher with shift 1. What letter substitutes
for Z ?
We call letters from the usual alphabet cleartext and letters from the encoded alphabet ciphertext.
So, cleartext is encoded into ciphertext, sent to the receiver who decodes the ciphertext into
cleartext.
Encode
Decode

Cleartext

Cleartext

Ciphertext

Let us examine Table 1. The bottom row contains the usual alphabet starting with the letter A. The
top row contains the alphabet shifted one place, so it begins with B which is followed by C and so on.
If we want to encode the word CAR we first find the letter C on the bottom row and look up to get
its cipher, namely D. From this point of view Table 1, can be called a look up table. Next, we look
up the cipher for A which is B. Finally, we look up the cipher for R which is S. So CAR is encoded
as DBS.
Example 1. Use this cipher to encode the cleartext

PARENT

HOVERING

SNAPCHAT

LATER

Solution. Looking up the cipher using Table 1,we see that P → Q, A → B, R → S
and so on. The corresponding ciphertext is

QBSFOU IPWFSJOH

TOBQDIBU MBUFS

A cipher where each letter is swapped with another fixed letter is also called a wheel cipher. That is
because we can place our cleartext alphabet on a wheel enclosed in another wheel containing the
ciphertext alphabet. Figure 1 shows the wheel for the Caesar cipher with shift +2; Figure 2 shows
the wheel for the Caesar cipher with shift +10.
Example 2. Use the cipher described in Figure 2 to encode the cleartext

GREAT RULERS ARE MATHEMATICAL
Solution. We see that G → Q, R → B, E → O and so on. The corresponding
ciphertext is

QBOKD BEVOBC KBO WKDROWKDSMKV
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Figure 1. Caesar cipher with shift + 2

Figure 2. Caesar cipher with shift + 10

The maths behind Caesar ciphers
What can we say about the maths involved in Caesar ciphers? Well, it is very straightforward and no
more complicated than clock arithmetic. We associate a number with each letter according to its
position in the alphabet as shown in Table 2.
A B C D E F G H I J K L M N O

Q

U V W X

Z

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
Table 2. Positions of the letters in the alphabet

Let x be the position of the cleartext letter and let y be the position of the ciphertext letter.
Finally, let s be the shift you are using. Then we have
y =x+ s .
For example, using shift +2 as in Figure 1, L which has position 11 in the alphabet, is encoded
as N which has position 13, that is,
y = x + s = 11 + 2 = 13 .
But the equation y = x +s does not cover all possible cases! It is possible that y could be greater
than 25. Suppose we want to encode the letter Z, which has position 25 in the alphabet.
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Now

y = x + s = 25 + 2 = 27 .

If this happens we need to subtract 26 to find y:
y = x +s− 26 = 25 +2 − 26 = 1
which gives the cipher B for Z.
What we are using here is clock arithmetic: we know that two hours after 11 o’clock it will be 1
o’clock because 11 + 2 = 13 and 13 has remainder 1 on division by 12. Clock arithmetic is also
known as modular arithmetic. In the case of a Caesar cipher, we use the remainder on division by
26. To indicate this, we add (mod 26) into the formula.
y = x + s (mod 26)
where x = position of cleartext letter, y = position of ciphertext letter and s = shift.

Task 1. Decipher the following code created using the Caesar cipher with shift +10
given in Figure 2:

NODOXDSYX
Task 2. Make a code for the cleartext below using the Caesar cipher with shift +2 given in
Figure 1:

SHINES
Task 3. Can you figure out the shift used for the following ciphertext generated using a
Caesar cipher?

JR

CEBOYRZ

Task 4. There are several useful websites for Caesar ciphers. Take a look at some of the
following sites:
http://www.xarg.org/tools/caesar-cipher/
http://www.dcode.fr/caesar-cipher
http://www.braingle.com/brainteasers/codes/caesar.php
http://practicalcryptography.com/ciphers/caesar-cipher/
http://simonsingh.net/The_Black_Chamber/caesar.html
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Cracking Caesar ciphers
A Caesar cipher is just one example of a substitution cipher where each letter of the alphabet is
simply substituted by another. Usually substitution ciphers are not very secure. Computers can
certainly be used to crack them quite quickly. You can also use knowledge of how frequent each
letter occurs in English language text to help crack such a code. This is called frequency analysis.
Table 3 gives a list of average frequencies for letters in English text. So, for example, the letter E
accounts for 12·7% of all the letters in English, and T accounts for 9·1%. At the other end of the scale
X occurs with 0·2% frequency and Z with 0·1%.

A

8·2

B

1·5

C

2·8

D

4·3

E

12·7

F

2·2

G

2·0

H

6·1

I

7·0

J

0·2

K

0·8

L

4·0

2·4

N

O

P

Q

R

S

T

U

V

W

X

Y

Z

6·8

7·5

1·9

0·1

6·0

6·3

9·1

2·8

1·0

2·4

0·2

2·0

M

0·1

Table 3. Frequencies of the letters in English text
Armed with this information, if you know that the ciphertext you want to crack is English, make a
list of the most frequent letters. If the text is typical, then the three most frequently occurring letters
should correspond to E, T and A according to the frequencies shown in Table 3.
Example 3. The following text is encoded using a Caesar cipher of unknown shift.
Using frequency analysis, find the shift.
FHCCBFR LBH JNAG GB FRAQ N ZRFFNTR FRPERGYL. VS GUR
PUNAARY NYBAT JU VPU GUR ZRFFNTR JVYY GENIRY VF
FRPHER GURA LBH PNA FRAQ VG NF BEQVANEL GRKG
ORPNHFR LBH NER FHER GUNG BAYL GUR VAGRAQRQ
ERPRVIRE JVYY ERNQ VG. UB- JRIRE, VS JR NER FRAQVAT
GUR ZRFFNTR NYBAT N PUNAARY GUNG VF ABG FRPHER,
SBE RKNZCYR HFVAT N SBYQRQ FURRG BS CNCRE GB OR
CNFFRQ GUEBHTU GUR PYNF- FEBBZ BE IVN GUR JRO BE
JVSV, GURA LBH ARRQ GB JEVGR LBHE ZRFFNTR VA N
FRPERG PBQR FB GUNG ABOBQL PNA ERNQ VG JVGUBHG
XABJVAT GUR PBQR. JR FNL GUNG LBH RAPBQR GUR
ZRFFNTR HFVAT N PVCURE. VQRNYYL, BAYL GUR
ERPRVIRE (NAQ LBH) XABJ JUNG GUR PVCURE VF. HFVAT
GUR PVCURE GUR ERPRVIRE PNA GURA QRPBQR GUR
ZRFFNTR.
Solution. First, we count how many of each letter there are. This can be done by hand
or by using a frequency analyzer website such as
https://www.dcode.fr/frequency- analysis
We make a table, see Table 4, showing each letter, its frequency, and its percentage
frequency.
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Letter

Occurrences

% of total

R

88

16·7

G

44

8·3

N

40

7·6

F

37

7·0

B

36

6·8

A

34

6·4

U

33

6·3

E

30

5·9

V

30

5·7

P

22

4·2

Q

20

3·8

Y

17

3·2

H

17

3·2

L

14

2·7

J

14

2·7

T

14

2·7

C

9

1·7

Z

8

1·5

I

6

1·1

S

5

1·1

O

4

0·8

X

2

0·4

K

2

0·4

Totals

526

100·2

We notice that the top three most frequent letters in our
ciphertext are R, G and N with frequencies of 16·7%,
8·3% and 7·6% respectively. Could they correspond to
the top three most frequent letters in English text, namely
E, T and A?
We know that a Caesar shift is used. The letter R has
position 17 in the alphabet while the letter E has position
4. So, if R corresponds to E under a Caesar shift, the shift
must be 17 – 4 = 13. Also, we know
G

Shift 13

T

N

Shift 13

A

The Caesar shift of 13 looks promising. We decipher
using an online application to get the cleartext:
SUPPOSE YOU WANT TO SEND A MESSAGE
SECRETLY. IF THE CHANNEL ALONG WHICH
THE MESSAGE WILL TRAVEL IS SECURE
THEN YOU CAN SEND IT AS ORDINARY TEXT
BECAUSE YOU ARE SURE THAT ONLY THE
INTENDED RECEIVER WILL READ IT.
HOWEVER, IF WE ARE SENDING THE
MESSAGE ALONG A CHANNEL THAT IS NOT
SECURE, FOR EXAMPLE USING A FOLDED
SHEET OF PAPER TO BE PASSED THROUGH
THE CLASSROOM OR VIA THE WEB OR WIFI,
THEN YOU NEED TO WRITE YOUR MESSAGE
IN A SECRET CODE SO THAT NOBODY CAN
READ IT WITHOUT KNOW ING THE CODE. WE
SAY THAT YOU ENCODE THE MESSAGE
USING A CIPHER. IDEALLY, ONLY THE
RECEIVER (AND YOU) KNOW WHAT THE
CIPHER IS.USING THE CIPHER THE RECEIVER
CAN THEN DECODE THE MESSAGE
+2

Table 4. Frequency table for text
This article is an extract from MIghTY
Maths by Ronan Flatley which may be
purchased through the Curriculum
Development Unit Website:
www.curriculumdevelopmentunit.com
Or you may email your order to:
cdu@mic.ul.ie

Ronan Flatley
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Vigenère ciphers
One way to make a cipher more secure is through multiple substitution.
With the Caesar cipher we know that each letter is always enciphered
in exactly the same way. However, if we were to encipher the letter E,
for example, in different ways throughout the message then the code
would be much more difficult to crack. One good way of doing this is to
use a keyword. The keyword will only be known to you and the person
to whom you are sending the message. This type of code is called a
Vigenère cipher.
Example 4. Suppose the keyword is ENIGMA and the text to be enciphered is
HELL OF A CODE TO CRACK.
Line up the keyword over the cleartext as follows:

Keyword
E N I G MA E N I GM A E N I GMA
H E L L

O F

COD E

TO C R A C K

Then insert the position values of the letters modulo 26 like this:

E N I G MA E

N K I G dM A E

N I G M A

4 13 8 6

12 0

4 13 8 6 12

0 4

13 8 6 12 0

H E L L

O F A C O D E

T O

C R A C K

19 14

2 17 0 2 10

7 4 11 11 14 5

0

2 14 3 4

We add the position numbers of the keyword and the cleartext using clock
arithmetic to get numbers between 0 and 25. Using these new position numbers
we
Keyword

E N I G M A E

N I G M A E

N I G M A

4 13 8 6 12 0 4 13 8 6 12 0 4 13 8 6 12 0
H E L L O F A C O D E T O C R A C K
7 4 11 11 14 5 0 2 14 3 4 19 14 2 17 0 2 10
L R T R

A F

E

P W J Q

T S

P Z G O K

11 17 19 17

0 5

4 15 22 9 16 19 18 15 25 6 14 10
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We see that the first L in HELL is encoded as T while the second L in HELL is encoded as R.
There are three Os in the message: note that the first is encoded as A, the second as W and the
third as S. There are also three Cs in the message: the first is encoded as P, the second also as P
and the third as O.
Task 7. Using the keyword ENIGMA, make a Vigenère cipher for the text

CRACK
Task 8. Using the keyword DIGGER, decipher the Vigenère ciphertext

UDET
Task 9. Using the keyword LEGEND, decipher the Vigenère ciphertext

ZEZLF VSERP

XNI ERFRJ

Task 10. Find the five-letter keyword used in a Vigenère cipher to encrypt

SIX PACES

TREE
into

JJHO

VJIW

Task 11. Find the four-letter keyword used in a Vigenère cipher to encrypt

POPLAR
into

MIghTY Maths (Mathematical Investigations for TY)
MIghTY Maths offers Transition Year students and their teachers a collection of mini-projects
and challenges in mathematics. Grounded in the historical origins of many mathematical
concepts, this book provides opportunities for students to explore some challenging ideas in
an enticing and enlightening way. Students can investigate codes and ciphers, engage in
exotic base-jumping and even construct number tricks to try on their friends.
MIghTY Maths is intended to be used either as a basic maths book for a TY class or by
students who would like to explore some maths by themselves. The emphasis is on
understanding and students are encouraged to study the examples provided, before tackling
the activities.
Cost of Publication: €25 + Postage €5·50
To place your order for this publication:
You may purchase this publication through the Curriculum Development Unit Website:
www.curriculumdevelopmentunit.com
Or you may email your order to: cdu@mic.ul.ie
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Team Maths 2022 Mata Fóirne
Regional Round
Round 1

Babhta 1

Question 1
A drawer contains 5 red markers and 𝑛𝑛 blue markers. One marker is drawn at random and not
replaced. A second marker is then selected at random. If the probability that both markers are blue
is 1 , find the total number of markers in the box at the start.
6

Question 2

5 + 12i, where i =−1.
Determine the real numbers p and q such that ( p + iq ) =
2

Round 2

Babhta 2

Question 1
A fair, six-sided die is thrown seven times. What is the probability that a ‘6’ occurs on exactly 2
of the 7 throws? Give your answer correct to 3 decimal places.
Question 2
Twelve blocks are arranged as illustrated in the diagram.

Each letter shown on the front of a block represents a number. The sum of the numbers on any
four consecutive blocks is 25.
Determine the value of B + F + K.

Round 3
Question 1
The positive integers can be arranged as follows:

Babhta 3
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Team Maths 2022 Mata Fóirne
Regional Round
More rows and columns continue to list the positive integers in order, with each new row
containing one more integer than the previous row. How many integers, less than 2022, are in the
column that contains the number 2022?
Question 2
𝑋𝑋𝑋𝑋𝑋𝑋 is a triangle where |𝑋𝑋𝑋𝑋| = 8 cm and |𝑌𝑌𝑌𝑌| = 6 cm.
Given that the area of triangle 𝑋𝑋𝑋𝑋𝑋𝑋 is 12 cm2, find the two possible values of |∠𝑋𝑋𝑋𝑋𝑋𝑋|.

Round 4

Babhta 4

Question 1
At 7:00 a.m., Sahil drives north at 48 km/h.
At the same time from the same intersection, Brenda drives west at
64 km/h.
At what time will they be 260 km apart?
Question 2
Georgina enters a 12 km race. She wants to finish the race in one hour and twenty minutes. She
starts off jogging at a speed of 7 km/h. After 30 minutes, she realizes that she needs to increase
her speed to finish the race in her desired time. For the remaining time, what speed must she run
at to finish the race in exactly one hour and twenty minutes?

Round 5
Question 1
Quadrilateral ABED is made up of square ABCD and right
isosceles triangle BCE.
BE is a diameter of the circle with centre O. Point C is also
on the circle.
If the area of ABED is 24 cm2, what is the length of BE,
correct to 1 decimal place?

Babhta 5
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Team Maths 2022 Mata Fóirne
Regional Round
Round 5

Babhta 5

Question 2
Points A (7,12), B (3, 2), C (11, 2), D (6,2) and E
(10, 2) are placed on the Cartesian plane, as
shown.
The point 𝐹𝐹 is placed inside ΔABC so that the
area of the shaded region is 32 units2.
If the point 𝐹𝐹 is (8, k), find the value of k.

Round 6

Babhta 6

Question 1
Twelve identical smaller rectangles are arranged as shown in the diagram to form a large
rectangle PQRS.
P

Q

S

R

If the area of rectangle PQRS is 540 cm2, determine the integer dimensions of the smaller
rectangles.
Question 2
By solving the following simultaneous equations, determine the value of x + y + z.
3x − y + 3z =
1
x + 2 y − 2z =
−1
4 x − y + 5z =
4.
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Team Maths 2022 Mata Fóirne
Regional Round
Round 7

Babhta 7

Question 1
The first three terms of a geometric sequence are 2𝑥𝑥 − 4 , 𝑥𝑥 + 1, and 𝑥𝑥 − 3. Find the two possible
values of x.
Question 2
Bill and Ben win some money in their local lottery. They share the money in the ratio 3:4. Ben
decides to give €40 to his sister. The amount that Bill and Ben have now is in the ratio 6:7.
Calculate the total amount of money won by Bill and Ben.
Question 3
The area of a sector of a circle is 27 cm2. The length of the radius of the circle is 6 cm.
Find, in radians, the measure of the angle in the sector.
Question 4
By writing cos2x in terms of sinx, or otherwise, find all the solutions of the equation
cos2x – sinx = 1, in the domain 0° ≤ 𝑥𝑥 ≤ 360°.

Round 8

Babhta 8

Question 1
The junior and senior students at Mathville High School are going to present an exciting musical
entitled, “Math, What is it Good For?”. A large group of students came out to an information
meeting. After a brief introduction to the musical, 15 senior students decided that it was not for
them, and they left. At that point, twice as many junior students as senior students remained.
Later in the meeting, after the 15 senior students had left, 34 of the junior students and 13 of the
remaining senior students also left. This left 8 more senior students than junior students. All the
remaining students stuck it out and went on to produce an amazing show. How many students
remained to perform in the school musical, “Math, What is it Good For?”
Question 2
𝛼𝛼 and 𝛽𝛽 are real numbers such that 𝛼𝛼 + 𝛽𝛽 = −7 and 𝛼𝛼𝛼𝛼 = 11.
Find the value of 𝛼𝛼2 + 𝛽𝛽2.
Question 3

Solve log6(𝑥𝑥+5) = 2 − log6𝑥𝑥, for 𝑥𝑥 > 0.
Question 4

Given 𝑦𝑦 = 2𝑥𝑥 − sin2𝑥𝑥, dy can be written in the form ksin2x, where 𝑘𝑘 ∈ ℤ. Find the value of 𝑘𝑘.
dx
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Team Maths 2022 Mata Fóirne
Regional Round
Tiebreak

Scoilt

1 What is the sum of the positive integers from 1 to 1,000,000?
2 Find the acute angle between the lines 𝑥𝑥 − 2𝑦𝑦 + 1= 0 and 𝑦𝑦 = 3𝑥𝑥 − 4.
Give your answer in degrees (no unit needed).
3 Nine cards are numbered from 1 to 9. Three cards are drawn at random from the nine cards.
The probability that the card numbered 8 is not drawn is written in its simplest form as a .
b

Find the value of 𝑎𝑎 + 𝑏𝑏.

4 The polynomial 𝑄𝑄(𝑥𝑥)that satisfies x + 2 x − 3 x − 7 = ( x − 2)Q( x) + 3 is written in its simplest
form, ax 2 + bx + c. Find the value of a + b + c.
3

2

5 The point P divides the interval from 𝐴𝐴(−4,−4) to 𝐵𝐵(1,6) internally in the ratio 2:3.
Find the 𝑥𝑥-coordinate of P.
9

1

6 Find the term independent of 𝑥𝑥 in the binomial expansion of  x 2 −  .
x


7 A is an acute angle such that tan A = 8 . sin2𝐴𝐴 can be written in its simplest form as pq.
15

Evaluate p + q.

y
x + 2 at the point (7, 3) can be written in its
8 The equation of the tangent to the curve =
simplest form as ax + by + c = 0. What is the value of a + b + c?
9 An infinite geometric series has a first term of 8 and a limiting sum of 12. The common ratio
can be written as 𝑝𝑝𝑝𝑝, in simplest form. Calculate p + q.
10 If the recurring decimal 1 ⋅ 2 is written in its simplest form a , where a, b ∈ , find the
b

value of a + b.
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Team Maths 2022 Mata Fóirne
Regional Round
Answer Key Regional Round
Round 1
Q1. 9

Q2. p =
± 3, q =
±2

Round 2
Q1. 0·234

Q2. 27

Round 3
Q1. 58

Q2. 30 or 150

Round 4
Q1. 10·15

Q2. 10·2

Round 5
Q1. 5·7

Q2. 6

Round 6
Q1. 15 × 3

Q2. 3

Round 7
Q1. 1 or 11 Q2. 560 Q3. 1·5

Q4. 0, 180, 210, 330, 360

Round 8
Q1. 56

Q2. 27

Q3. 4

Q4. 4

Tiebreak
Q1. 500,000,500,000 Q2. 45

Q3. 5

Q4. 10

Q6. 84

Q9. 4

Q10. 20

Q7. 529 Q8. 6

Q5. – 2
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Team Maths 2022 Mata Fóirne
Final
Round 1
Q1.1

Babhta 1

The first three terms of a geometric sequence are
2x – 4 , x + 1, x – 3.
Find the two possible values of x.

Q1.2 Given y = mx + c is a tangent to the circle x 2 + y 2 =
a 2 , find an expression for c in terms
of a and m.

Round 2

Babhta 2
22 x +1 − 15(2 x ) − 8 =
0.

Q2.1

Solve for x,

Q2.2

Two circles c1 and c2 touch each other at the point T (9, 3·2) as shown in the diagram.

c1 has radius 5 and c2 has radius 2.
c1

Find the coordinates of A and B,
the centres of the circles.

Note that both c1 and c2 are on or
above the x-axis.

A

T

c2
B
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Team Maths 2022 Mata Fóirne
Final
Round 3

Babhta 3

Q3.1 A person coughs when a foreign object is in their windpipe. The velocity of the cough
depends on the size of the object. A certain person has a windpipe of radius 20 mm. If
a foreign object has a radius of r mm, then the velocity, V mm/s, needed to remove the
object by a cough is given by :

=
V (r ) k (20r 2 − r 3 ),
where 0 ≤ r ≤ 20, and k is a constant, where k > 0.
Find the radius of the foreign object that gives the maximum velocity needed to remove
the object?
Q3.2 The graph shows the function
f ( x )= c + a sin bx.

6

Find the values of a, b and c.
3

45°

Round 4
Q4.1

Babhta 4

A circle intersects a line at the points A(– 3, 0) and B(5, – 4).
The midpoint of [AB] is m.
The distance from the centre of the circle to m is

5.

Find the equations of the two circles that satisfy these conditions.
Q4.2 The speeds of 150 randomly selected cars were recorded as they passed a check-point on
a motorway. The mean speed of the cars was 115 km/h and the standard deviation was 24
km/h.
Find the 95% confidence interval for the mean speed of cars passing the check-point
correct to one place of decimals.
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Team Maths 2022 Mata Fóirne
Final
Round 5

Babhta 5

Q5.1 Find the number of ways in which 10 different books can be given to Andrew, Breda,
Colin and Deirdre, if Andrew is to receive 4 books, Breda 3 books, Colin 2 books and
Deirdre 1 book.
Q5.2 Two circles, with centres O and B and each with a radius of 2, are tangent to each other.
A straight line is drawn through O and B meeting the circles at Q and R. Two other sides
of ∆ PQR are drawn such that side [PR] is tangent to the circle with centre B at A and
side [PQ] is tangent to the circle with centre B at Q.
Determine the length of [PQ]. Give your answer in the form a 2.

Round 6

Babhta 6

Q6.1 A group of Transition Year students was given the task of making a paper model of a
pyramid.
Each of the slant edges has a length of 8 3 cm and
the length of the square base is twice the height of the
pyramid.

Find the height of the model.

Q6.2

h ( x=
) 3 x − 5 and k ( x)= x − 2 are two functions where x ∈ .
Solve for x, h −1  k ( x) = k −1  h ( x).

8 3 cm
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Team Maths 2022 Mata Fóirne
Final
Round 7

Babhta 7
dy
, given=
y xe x − e x .
dx

Q7.1

Find

Q7.2

Solve for =
k:
30, where k ∈ .

Q7.3

k!
(k − 2)!

Find the equation of the tangent to the curve y = e

1− x
1+ x

at the point

(1, 1). Give your answer in the form ax + by + c = 0.
Q7.4 At a meeting there are 7 students, 3 teachers and 11 parents. Two people are chosen at
random. Find the probability that the first person chosen was a teacher, given that the
second person chosen was a teacher.

Round 8

Babhta 8

Q8.1 The diagram shows the graphs of the

f ( x) = x 2 + 2 x − 11 and
12
g=
( x)
, x ≠ 0 and x ∈ .
x

R

functions

Find the coordinates of P, Q and R, the points
of intersection of f and g.

P

Q
3
Q8.2 Suppose that ω
=
1, ω ≠ 1, and k is a positive integer. Find the two possible values of

1 + ω k + ω 2 k which belong to .
Q8.3

2
Solve 5sin 2 θ − 3sin θ cosθ − 2cos
=
θ 0, for 0 < θ < 360°.

Give your answers to the nearest degree.
Q8.4

Find the value of k > 0 for which

∫

k

1

(2 x + 3)dx =
6.
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Team Maths 2022 Mata Fóirne
Final
Tiebreak

Scoilt
k ( x 2 + 2 y 2 ) + ( y − 2 x + 1)( y + 2 x + 3) =
0 represents a circle.

T1

Find the value of k if

T2

The third term in the expansion of

( x + k )8 is 252 x 6 . k is a constant.

Find the possible values of k.
T3
T4

T5

Solve for x and y,
x +1

3 x +=
2 y 1 and x 2 + 2 xy +=
15 0.

=
−5
Given that 2
where x, y ∈ .
y

−4
131 and 2 x=
+ 5 y −2 13, find the value of x and the value of y,

Mary takes two tests in general knowledge. The first test, test A, has a pass rate of 60%.
The second test is Test B. The probability that a candidate passes both tests is 0·4.
Find the probability that Mary fails both tests.

x 2 − 2 x − 3, where x ∈ , find the range of values for x for which y ∈ .

T6

If y =

T7

Solve for x, log 2 8 + log 5 

T8

1 
log16 x.
 + log 9 3 =
 25 

The lengths of the sides of a triangle are 2 cm, 3 cm, and 4 cm, respectively. Find the
measure of the largest angle correct to the nearest degree.
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Final
Answer Key Final
Q1.1

x = 1, 11

Q1.2

± a 1 + m2
c=

Q2.1

x=3

Q2.2

A (5,6 ⋅ 2) B (10 ⋅ 6, 2)

Q3.1

40 mm
3

Q3.2

a = 3, b = 4, c = 3

Q4.1 x 2 + ( y +
=
4) 2 25 or x 2 + y 2 + 16=
y −9 0
( x − 2) 2 +=
y 2 25 or x 2 + y 2 − 4 x −=
21 0

Q4.2

[111·2, 118·8]

Q5.1

12,600

Q5.2

2 2

Q6.1

8 cm

Q6.2

x = 1·5

Q7.1

dy
= xe x
dx

Q7.2

6

Q7.3

x + 2y − 3 =
0

Q7.4

1
10

Q8.1

P (– 4, –3), Q (–1, –12), R (3, 4)

Q8.2

0 and 3

Q8.3

45°,158°, 225°,338°

Q8.4

2
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Final
Answer Key Final
Tie-break
T1

k=–5

T2

k = ±3

T3

 5 17 
(3, − 4) and  − , 
 2 4 

T4

x = 7, y = 3

T5

2
15

T6

x ≤ −1 or x ≥ 3

T7

64

T8

104°

The final of Team Maths 2022 was held in UCD on Saturday 12 March and was won by
Christian Brothers College Cork. The team were presented with IMTA trophies and the Boole
Cup. Each member of the team will also receive a Microsoft Surface Go with detachable
keyboard and protective case.
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Team Maths 2022 Mata Fóirne
Regional Round
Analysis
Round 1 – Q1

46% of teams answered correctly

Round 1 – Q2

35% of teams answered correctly

Round 2 – Q1

54% of teams answered correctly

Round 2 – Q2

31% of teams answered correctly

IMTA Newsletter 120, 2022

Round 3 – Q1

Round 3 – Q2
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7% of teams answered correctly

67% of teams answered correctly

Round 4 – Q1

70% of teams answered correctly

Round 5 – Q1

73% of teams answered correctly

IMTA Newsletter 120, 2022
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Round 5 – Q2

53% of teams answered correctly

Round 6 – Q1

78% of teams answered correctly

Round 6 – Q2

60% of teams answered correctly
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Round 7 – Q1

59% of teams answered correctly

Round 7 – Q2

39% of teams answered correctly

Round 7 – Q3

79% of teams answered correctly

Round 7 – Q4

4% of teams answered correctly
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Round 8 – Q1

13% of teams answered correctly

Round 8 – Q2

36% of teams answered correctly

Round 8 – Q3

64% of teams answered correctly

Round 8 – Q4

45% of teams answered correctly
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Learning Loss in Mathematics: Irish Teachers’ Perspectives on
the Effects of the Pandemic
By Aibhín Bray
Introduction
In March 2020 the Irish government – like many countries internationally – mandated the closure
of all education institutions in order to minimise the spread of Covid-19. Schools were required to
make provisions to provide online lessons and resources for students in order to continue their
education. This article reports on a survey that examined teachers’ perceptions of the extent to
which the move to online teaching and learning impacted post-primary students’ mathematics
learning and their views on identifying and addressing learning loss. Some suggestions are offered
on how best to address associated issues.
The concept of “learning loss” in education is well researched, with many studies exploring the
impact of breaks from schooling due to summer holidays, absenteeism and extreme
weather/disaster (Cooper, Nye, Charlton, Lindsay, & Greathouse, 1996; Sacerdote, 2012; von
Hippel & Hamrock, 2019; Whitney & Liu, 2017). In some cases, learning loss was compounded
over time, even after the return to school, with Kaffenberger (2021) suggesting that “the
curriculum and instruction did not adequately adapt to the children’s lower learning levels upon
re-entry into school and hence the affected children fell further and further behind” (p. 1). Based
on comparisons with such causes of learning loss, Kuhfeld et al. (2020) projected that there would
be loss of learning in both mathematics and reading after the first lockdown, but that the losses
would be more significant in mathematics, and that this would be worse again for students from
low-income families.
Learning losses are not, however, irreversible. According to an OECD study, results in many
countries suggest that the school closures of spring 2020, and the consequential move to remote
schooling, did not have an overwhelmingly negative impact on all student progress and
achievement (Thorn & Vincent-Lancrin, 2021). In fact, the remote schooling that was provided
during the school closures is likely to mitigate learning loss in comparison to previous studies
(Maldonado & De Witte, 2021), and has led to a wealth of school- and teacher-led microinnovations, experimentation and the development of new learning infrastructures (OECD, 2021).
The survey
The research presented in this article comes from an online survey that was available during
October and November 2021. Demographic information relating to the respondent and the type of
school in which they worked was gathered. Likert-type questions were used in order to generate
data about teacher perceptions of learning loss in mathematics as well as possible strategies to
address emerging issues. Respondents were also provided with opportunities to expand on their
answers through the use of open-text boxes. A rigorous approach was used to analyse the
qualitative, responses (Constant comparison: Strauss & Corbin, 2008). A total of N = 260 valid
responses was collected; the breakdown of respondents according to gender, teaching experience
and school type is provided in Figure 1.
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Years teaching
31 - 40 years
21 - 30 years
11 - 20 years
4 - 10 years
1 - 3 years

8%
19%
36%
28%
7%

School type
11%
9%

83%

Gender
DEIS
27%

Fee-paying
Non-DEIS,
no fees

73%

Male
Female

Figure 1: Demographic data
Teacher perceptions with regard to learning loss
The perception of the teachers who responded to the survey broadly reflected the international
picture, with fairly pessimistic responses predominating in relation to the impact of the pandemic
on schooling in general.
“The current model of schooling, in my experience and impression, seems to
be an extension and acceleration of some of the worse things that were
happening anyway. It has become increasingly impersonal and individualistic
while, paradoxically, declaring that we are all in this together.”
When teachers were asked about levels of learning loss in mathematics in comparison to other
subjects, 72% responded that they believed the situation was worse for maths. This result reflects
the research in the area, and is bolstered by the number of respondents teaching subjects in addition
to maths who reported that the situation was not as bad in those subject areas.
Qualitative analysis of the reasons provided for why this might be the case revealed 5 main themes.
The most frequently referenced reason was the perception that maths requires in-person
teaching. It is clear that some teachers felt less able to provide the assistance that students required
in an online environment. They were unable to determine the level of understanding or confusion
on the students’ faces as most kept the cameras off, and they could not circulate the room to look
at students’ work to identify mistakes or misconceptions.
The sequential nature of the subject was identified by many as being more of an issue in remote
learning, owing to the fact that the levels of attendance and attention were lower online. If students
missed out on foundational concepts, it was very difficult for them to keep going.
“Mathematics by its nature builds upon topics, like bricks in a wall. Many
students have lost out on the basic foundation concepts; thus, it is very difficult
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to move forward as there is a lack of understanding. If the foundation isn’t
solid, the overall structure is destined to fail.”
Negative student perception of mathematics also emerged as a barrier in the online environment.
There is a sense that many students may not like mathematics or may experience ‘maths anxiety’,
with students who struggle with maths more likely to skip classes in an online setting. Teachers
remarked that
“the self-esteem issues that weaker students experienced while trying to learn
'independently' are almost impossible to overcome”
Well documented pre-pandemic areas of concern in relation to curriculum and assessment (Berry,
Bray, & Oldham, 2021; Johnson, Freemyer, & Fitzmaurice, 2019) were also evident in the
responses, with the length of the syllabus and time pressure emerging as significant issues,
exacerbated by the remote-learning situation. While it was recognised that attempts had been made
to alleviate the pressure through the modification of the assessment, there was a sense that the
choice (students were not required to answer all questions) that was introduced for the Leaving
Certificate (LC) examination was not adequate. A number of respondents also raised concerns
about removal of Foundation Level at Junior Cycle, leading to lower-achieving students being
further disadvantaged.
The importance of parental involvement has become even more significant during the pandemic,
with students during lockdown relying more heavily on home support in the absence of direct
contact with their teachers. Teacher responses in this survey aligned with the results from a Finnish
study that revealed considerable disparities in levels of parental support across student groups,
emphasising concerns in relation to equity (OECD, 2021).
“Many parents struggle to help their children with Maths, whereas they might
find it easier to help with other subjects.”
Strategies that could be used to help identify learning loss in mathematics
Teachers were asked to rank a variety of approaches identified through international research
(OECD, 2021), according to what they believed would be most effective. Percentages of first
preferences are given in figure 3 below.

Figure 3: Preferred strategies to identify learning loss
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It is clear that many teachers (43%) felt that some form of standardised assessment of at national
level would be an appropriate method of identifying the level of learning loss resulting from the
period of school closures. Almost a quarter of respondents stated that more time for teacher
collaboration would be valuable. It is interesting to note this desire for increased collaboration
time, given that for the last number of years, teachers have had an allocation of 40 minutes noncontact planning time per week (Junior Cycle Professional Time). However, in many cases, the
teachers are not all timetabled at the same time and are therefore unable to use the time for
collaboration.
National strategies to address learning loss across the curriculum
According to the Department of Education Circular Letter 0045/2021 (DES, 2021), the Irish
government has “focused on providing additional resources and measures to assist schools in
supporting all pupils/students, but in particular, pupils/students with special educational needs
(SEN) and those most at risk of educational disadvantage.” These additional resources include
the following:
1. Publication of guidance for teachers
2. Additional teaching hours for students with SEN during the period of school closures in
2021
3. Enhanced Summer Programme for summer 2020 and 2021.
4. Information Communication Technology (ICT) funding to schools, to support the
provision of devices to students and families.
5. The Covid Learning and Support Scheme (CLASS), which involved the provision of
additional teaching hours to schools to support their work in addressing learning loss
among pupils/students arising from periods of school closures.
When asked if they were aware of national strategies that had been implemented in order to address
learning loss, only 38% of respondents replied in the affirmative. Of those who were aware of
such strategies, the most commonly identified was CLASS (Figure 4). Smaller percentages of
teachers were aware of the Summer Provision for DEIS schools, and the digital and SEN
strategies. Adaptations in state assessments were also identified as national strategies. The
following sections will discuss CLASS hours and Curriculum and Assessment adaptations in more
detail.
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Figure 4: Awareness of National Strategies
CLASS hours
CLASS hours are a once-off allocation of part-time hours based on school enrolment bands, with
enhanced allocations provided for special schools and DEIS schools. It is stipulated that additional
teaching hours must be provided during the normal school day, and that they can only be provided
by registered teachers. Further restricted meant that only those on part-time contracts, or substitute
teachers, could provide additional teaching hours up to a maximum of 22 hours at post-primary
school level. This proved to be particularly restrictive in subjects such as mathematics, in which
there were already significant teacher shortages. When asked about how effective the respondents
perceived the CLASS system to be, it was clear that recruitment issues seriously limited the
perceived potential of the scheme.

Perceived Effectiveness of CLASS
23%
17%

13%

Not at all
effective

23%
2%

Not particularly
effective

Neutral

Somewhat
effective

Very effective

Figure 5: perceived effectiveness of CLASS
“CLASS Hours are a superb opportunity - if there is freedom to use them. You
can't employ full time teachers to these hours - hence a lack of knowledge and
experience teachers will not be providing additional supports to our students,
yet unqualified teachers will be.”
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Curriculum and Assessment
In recognition of the disrupted education and resulting learning loss that students experienced
during the pandemic, various changes were made to the state examinations and assessments. These
changes included calculated grades at LC, the introduction of an element of choice on the LC
mathematics examination 2021, cancellation of the Junior Certificate examination in 2020/21, and
requirement to do only one CBA at Junior Cycle. Respondents were asked to express their opinion
of the introduction of choice on the LC Mathematics paper (Figure 6).

Choice in LC Exam
46%
20%

Good, fair
strategy

30%
5%

Should be
Doesn't go far
extended beyond
enough
2021

Not a good
strategy

Figure 6: Teachers' opinion of choice in Leaving Certificate
Only 5% of respondents reported that they did not think the strategy was a good one, with almost
half of the respondents agreeing that the provision of choice in the examination should be
included going forward.
“the choice is a good addition and should be maintained for all exams
afterwards. Takes stress off the students and would enable more students feel
confident in their ability to do well in LC HL”
Many teachers reported concerns about the length of the syllabus at Junior Cycle and the pressure
to cover all of the content, despite the problems associated with learning loss. Suggestions to
address this ranged from complete removal of the examination, thereby giving teachers full
autonomy in how to assess their students in Junior Cycle, to a reduction of content in order to
allow for deeper engagement with the content and the development of skills and the introduction
of choice in the final examination. Calls for the return of Foundation Level to cater for students
who are struggling were reiterated.
Strongly contrasting opinions were voiced in relation to Classroom Based Assessments, ranging
from “CBAs should be scrapped, they take up a huge amount of time for no reward, complete
waste of time in my humble opinion”, to “Cancellation of CBAs at JC showed a complete lack of
understanding of the place of skills in maths education.”
So, What Now?
Having explored Irish teachers’ perceptions of the extent of learning loss in mathematics at postprimary level, and their opinions of the strategies that have been put in place in Ireland, the
importance of assessment, both as a driver of and for instruction, is clear. I would like to draw this
article to a close by considering these results in light of international research.
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Kaffenberger (2021) suggests that in order to mitigate the learning loss resulting from school
closures, education systems should plan for remediation programmes, but that they should also
aim to provide professional development for teachers in ways that can produce longer-term
benefits. According to the author, the focus of such remediation programmes should be on the use
of formative assessments to identify children’s learning levels, training and empowering teachers
to conduct such formative assessments and to adapt their instruction and pedagogical practices to
students’ levels and needs, and the identification and prioritisation of students’ attainment of
essential skills. Darling-Hammond et al. (2020) recognise that students’ success on return to inperson schooling, depends on their entry into a caring community with academic supports that
take a forward-looking view of learning and progress. Lake and Olson (2020) and Devitt et al.
(2020) present a number of strategies that can be considered as good practice to help identify and
address learning loss.
1. Prioritise connection before content: take the first two or three weeks to focus on
students’ physical and emotional well-being and to strengthen relationships, as this
provides a good foundation for learning. Where possible, encourage parental
involvement as this has been consistently shown to be an indicator of higher levels of
student engagement.
2. Ask why – or why not – to assess: the tendency can be to jump in and start giving every
student a test on day one, but it is important to consider why you are assessing, and how
you plan to act on the information. A good question to keep in mind is: Who is making
what diagnosis to inform which actions?
3. Try not to use assessment results as a gatekeeper to channel students into lower-ability
class groups. This is likely to increase the achievement gap that has historically made it
much less likely for students from underrepresented backgrounds to achieve
academically.
4. Focus on foundations: if teachers focus on the knowledge and skills students need “just
in time” for the upcoming lessons, they can start to fill in gaps and build scaffolding for
students into their plans. This may be a better approach than trying to teach all the
knowledge and skills a student may have missed.
Conclusion
This article has presented Irish mathematics teachers’ perceptions of learning loss, and of the
national strategies that were put in place to address the situation. It would appear that the majority
of participants in this study do not feel that enough has been done to support them in their work.
While there is little doubt that most people struggled to adapt during the pandemic, the shift in the
role of the educator from in-person to online and back again, with all of the resulting fallout that
is evident through this research, reflects the burden placed on the teachers.
“The teachers need help too. We're under a lot of pressure, the mental health
and concentration levels of everyone seem to have depleted, we are
contactable 24/7 through teams so it is hard to switch off - it's hard to make it
happen when you know your students need you.”
It is essential that this is recognised, and that teachers are supported to continue to do their best
for students. Some broad suggestions of strategies to identify learning loss and what to consider
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once such data has been collected, have also been provided in this article. However, it is not always
easy to know how to integrate such practices into our own schools and classrooms. It is my belief
that some of the most beneficial professional development the state could provide at this time
would be to help teachers translate assessment data into classroom practices that would allow them
to best support their students with a “forward-looking view of learning status and progress rather
than a deficit-oriented view of student abilities that starts off the year under a cloud of
discouragement and self-doubt” (Darling-Hammond et al., 2020, p. 21).
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Lifting the Lid on the Grinds Culture in Ireland
A Focus on Mathematics
By Laura Lynne Duffy; Mark Prendergast; Niamh O’Meara; and Iseult O’Rourke

Introduction: Grinds, Grinds, Grinds
As mathematics teachers we hear about grinds on an almost daily basis. Our students tell us they
are getting grinds; other teachers talk to us about grinds; we are asked if we give grinds; we are
told who is a “bad” grinds teacher and who is “the best.” Grinds can feel ubiquitous in our society
and education system and yet it is a very under-researched area.
With this in mind, our study has sought to form a baseline understanding of the mathematics grinds
culture in Ireland and the impact of grinds in the classroom. In research literature about grinds,
any form of private tutoring occurring outside the normal school day (for example, one-on-one,
group, or grinds schools) has been given the umbrella term “shadow education.” Stevenson and
Baker (1992) coined the term “shadow education” as all members of the tutoring, or grinds,
triangle (tutors, students, and parents) generally wish for it to remain low profile, i.e., in the
shadows.
We have begun to form our baseline understanding of mathematics grinds in Ireland through
analysing the perceptions of post-primary mathematics teachers. We designed a survey that
collected these teachers’ perceptions of the reasons for the uptake of grinds and the impact of
grinds in the mathematics classroom. The online survey was disseminated in Autumn 2020 and
305 post-primary mathematics teachers from schools across Ireland responded.
In each of the following sections, we present a main finding followed by a discussion and
reflection question.
Findings, Discussion, Reflection
Perceived Reasons for the Uptake of Grinds
Shadow education is vastly understudied both nationally and internationally. As Bray (1999)
notes, “…in almost all societies much more public attention focuses on the mainstream than its
shadow” (p. 17). Due to the lack of shadow education studies in Ireland, we do not have consistent
metrics to measure how significantly the demand for grinds has changed over the years. However,
there is much anecdotal evidence that the “grinds culture” is growing. Inspired by this anecdotal
evidence, we asked teachers what they felt the main reasons were for the uptake of grinds.
The main reasons agreed by teachers were student motivation to get into college (88.4%), student
motivation to get bonus points (87.5%), and parents’/guardians’ motivation (80.2%). While these
three reasons are most likely not surprising to anyone teaching mathematics, it is sobering that
each reason is extrinsically motivated and has little to do with furthering enjoyment or
understanding of the subject.
Kim and Jung (2019) observed that the need for grinds does not exist without a high-stake testing
culture. For example, the Finnish education system does not place an emphasis on high stakes
examinations, and this is one of the few countries where shadow education is “barely visible”
(Bray, 2021, p. 446). While it makes sense in a high-stake testing environment such as the Leaving
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Certificate, that extrinsic motivators are driving the demand for after school learning, it also raises
the issue of a disconnect between the purpose of school versus the purpose of education.
Reflection question:
•

How do we encourage the learning of mathematics to be more intrinsically motivated in
our classrooms?

Negative Impacts of Grinds in the Classroom
When analysing the qualitative data, one of the strongest themes that we identified was the inclass disengagement of students receiving grinds. For example, one respondent wrote, “Students
become disengaged in the classroom because when they encounter something difficult, they don’t
need to try, and I quote … ‘I’ll do it in grinds’….”
Additional negative themes identified from the qualitative data were that grinds are often a
substitute for a lack of student motivation and work ethic as well as that grinds encourage rote
learning and are exam focused. This latter theme is in line with our quantitative finding that 76%
of responding teachers agreed that receiving grinds increases students’ performance on
mathematical assessments.
It is interesting that such a large percentage of teachers perceived grinds as increasing students’
performance on examinations, while only 36% of teachers agreed with the statement that in
general, receiving grinds increases/improves students problem solving. It is worth considering
that despite the emphasis of problem solving in recent curricula reforms, our mathematical
assessments are yet to be fully reflective of these changes.
Reflection question:
•

How can we encourage continued in-class engagement and participation of students who
are receiving grinds outside of school?

Positive Impacts of Grinds in the Classroom
While teachers identified more negative impacts of grinds in the classroom, they also noted several
positive impacts. The positive impact most frequently identified by teachers was the benefit of
one-to-one support that grinds provides for struggling and SEN students.
The second frequently mentioned positive impact was the ability of grinds to increase students’
confidence in mathematics. This is in line with findings from the quantitative data in which 82%
of teachers agreed that receiving grinds increases students’ confidence in the subject. Many
mathematics teachers have experienced seeing a student’s confidence increase after grinds (or oneon-one within school). While celebrating such increased confidence, it is also important to
question what this confidence is grounded in. Is it linked to improved examination scores or
improved conceptual understanding of the subject? Or perhaps both?
Growth mindset research would encourage us to be wary of rooting students’ confidence in an
increase in examination scores and labels such as “being smart”. As noted by Boaler (2016), “It
turns out that even believing you are smart – one of the fixed mindset messages – is damaging, as
students with this fixed mindset are less willing to try more challenging work or subjects because
they are afraid of slipping up and no longer being seen as smart” (p.7).
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Reflection question:
•

How can we encourage our students to engage in productive struggle and further challenge
themselves in mathematics without affecting their confidence in the subject?

Inequity of Grinds
Some teachers in our study highlighted a negative impact of grinds as exacerbating inequity and
masking wider system issues (such as shortage of class time and overcrowded curriculum).
Potential positive impacts are not available to all and can exacerbate rather than improve social
inequalities (Bray & Kwok, 2003). As one responding teacher in this study noted “You pay and
you get the privilege and advantage that puts you up the pecking order”. It is important to further
investigate the degree to which success in the mathematics Leaving Certificate examination is
linked with grinds, especially given the status of the subject as a gatekeeper to many third level
courses.
Kim and Jung (2019) pushback against the claim that grinds contribute to widening the
socioeconomic performance gap. In their view, investment in grinds can reduce inequality in that
it leads to third level education opportunities. However, this begs the question, what if there is no
money to invest? It is worth considering that perhaps grinds have both the ability to contribute to
upward social-mobility efforts through gaining access to third level education and the ability to
compound existing social inequities.
Reflection question:
•

While no single individual can combat systematic inequities, what efforts can we make in
our mathematics classrooms to promote equity?
Consider reading this paper on promoting equity in mathematics classes.

Conclusion
The findings of our study reveal the mixed views that mathematics teachers have in relation to the
impact of grinds that is permeating the subject at post-primary level in Ireland. The data showed
that teachers largely perceive student motivation to get into college, student motivation to get
bonus points, and parents’/guardians’ motivation as the main reasons for taking up grinds.
Of the students who take up grinds, we asked teachers to consider the impact this activity has in
the classroom. Many teachers identified both positive impacts, such as increasing student
confidence, and negative impacts, such as disengagement in class.
Despite this, there is an air of inevitability to the continued growth of the provision of grinds. As
determined by Byun and Baker (2015), they are ‘unlikely to be banned or fall into disuse as its
connection to the main social institution of formal education has become too strong’ (p.10). Thus,
further data collection and analysis into shadow education is essential not only for understanding
the full picture of education in Ireland but also for creating a more equitable education system.
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Further Research
If you have any queries or found any part of this paper interesting and would like to reach out to
participate in further research, please email the lead author: DuffysMathClass@gmail.com
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