Cumann Oidı́ Matamaitice na hÉireann
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Welcome to the 2019 edition of the IMTA Newsletter. In this issue Peter’s Problem 2018 and its
solution are provided by Neil Hallinan and Dominic Guinan. They also provide Peter’s Problem
2019, which consists of many individual problems to be worked out. The solutions to these are left
as a challenge for the reader!
Ordinarily one does not associate mathematics with rap music but Matthew Blakeney, a BT Young
Scientist 2019 category winner, shows us how he used mathematics to analyse one feature of rap
music — rhythmic cadence. Cian O’Loughlin takes an interest in the mathematical constant e by
compounding interest continuously.
Neil Hallinan reports on Marcus du√Sautoy’s talk to the Dublin branch of the IMTA last April.
Neil also looks at three areas where 2 plays an important role, viz., paper sizes, music scales and
camera stops.
Stephen Gammell reports on Maths Counts 2019 while Seán Murphy provides a report on MathsFest 2018. Lastly, the editor looks at the difference of two squares, writes about how mathematics
was taught at the end of the nineteenth century and provides a note about the great man, Pythagoras.
Thanks to Elizabeth Ivory and Sue Reilly & their team at Folens. Thanks too to Neil Hallinan and
Anna O’Loughlin for some proofreading. And of course thanks to the authors for providing the
articles. We hope you find something of interest and use in this edition.
Note that the views expressed in this Newsletter are those of the individual authors and do not
necessarily reflect the position of the IMTA. While every care has been taken to ensure that the
information in this publication is up-to-date and correct, no responsibility will be taken by the
IMTA for any errors that might occur.
Note also that copyright remains with the individual authors.
Finally, it’s time to say farewell as this edition is the last under my editorship.
Michael O’Loughlin
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Peter’s Problem 2018
NOTICE
The IMTA-STEPS Hotel Group is applying for permission to build a new hotel on a green-field
site in your town.
The project is currently in the planning stage. Before the establishment of any infrastructure and as
part of our commitment to greater inclusion of the local community, we are inviting submissions
from TY students to design the layout of the function room at the hotel.
A portfolio of design submissions will be judged by appointed referees and the winning designer
will be awarded a prize valued at A
C400 sponsored by Engineers Ireland STEPS programme.
The teacher of the winner will be awarded a prize to the value of A
C100.
As part of the challenge the winner will be invited to choose the name of the room.
Interested?

THE PROJECT
Design and lay out a function/banquet room for our hotel to seat, at most, 200 guests as follows:
The room contains a rectangular top table to seat 20 guests. The table is centred on one wall and
all guests are seated on one side facing the remainder of the guests.
All other guests are to be seated in groups of 12 at circular tables.

Tables’ inventory:
Rectangular table: 1 metre wide. Allow 70 cm per person for each place setting.
Circular tables: Allow 65 cm per person along the circumference of the table for each place setting.
Guest space at tables: Guests are allowed to push their chair back 65 cm from the table to facilitate
entry to their place.
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Health & Safety:
There must be a clearance of 70 cm behind each guest space to allow for table service.
There are 3 entry/exit doors to the room, each 2 metres wide and the area in front of the doors
(within the room) must be kept clear for a distance of 3 metres. These doors are to be strategically
placed to allow ease of evacuation in case of emergency.
There are 2 doors serving the kitchen area each 1.5 metres wide and 1 metre apart. The area in
front of these doors must be kept clear for a distance of 3 metres.
The bar area is 4 metres in length and the area in front of the bar must have clearance to a distance
of 2 metres.

YOUR SUBMISSION
Item 1: Write down the optimum internal dimensions of the room which would accommodate the
needs of the hotel using the criterion of minimum area.
Item 2: Include a 1:100 scale drawing of your room design, indicating clearly the position of all
the features included. You should state the reason(s) you positioned each of the features in the plan.
Item 3: Include your proposal for the name of the room. You may choose any name for the room,
including a local reference or a reference to a feature in your proposed room which does not require
an increase in the finished floor area.
Item 4: The Hotel Group also wishes to use the room as a Conference Centre with theatre style
seating. Each seat is 55 cm in width, 50 cm deep (from back to front), and the clearance between
each row of seats is 50 cm. NOTE: The seats in each row must be attached to one another.
The space for the top table is retained and the rows of seating are placed parallel to and facing the
top table. There is a clearance of 2 m between the top table and the front of the first row of seats.
There will be an aisle measuring 1.6 metres along either side wall as well as a centre aisle 2
metres wide. There is an access aisle 1.6 m wide (in addition to the 50 cm clearance between seats)
between the 10th and 11th rows running parallel to the rows of seating.
There is no clearance area at the bar or service area during a conference.
With these constraints, find how many conference delegates can be accommodated in your function room.
Item 5: Use the World Wide Web to find and list two Irish companies which could manufacture
the tables and/or the chairs for your room. Recommend one of these companies, stating the reason
for your choice.
Neil Hallinan & Dominic Guinan
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Peter’s Problem 2018 Suggested Solution
1. Write down the optimum internal dimensions of the room which would accommodate the needs
of the hotel using the criterion of minimum area.

Calculations
Note: The ‘width’ dimension is parallel to the Top Table. The ‘length’ dimension is perpendicular
to the ‘width’. Measurements are in metres, correct to 3 places of decimals.
Top Table and space required for Top Table guests
70 cm per person for 20 guests. 20 × 0.7 = 14 m on the longer side.
Dimensions of table: 1 m × 14 m.
The table is to be centred on one wall facing guest tables. The overall space required is then
0.7 (aisle) + 0.65 (seat) + 1 = 2.35 m on the shorter side and 14 m on the longer side.
Circular Table dimensions
65 cm per person for 12 guests. 12 × 0.65 = 7.8 m circumference.
7.8
= 1.242 rounding to the nearest mm.
2πR = 7.8 =⇒ R =
2π
Circular Table space required:
R1 = radius of table = 1.242 m.
R2 = radius of table + guest seating space (65 cm) = 1.892 m.
R3 = radius of table + seat + waiting aisle (70 cm) = 2.592 m.
(The corresponding diameters are D1 = 2.484 m, D2 = 3.784 m, D3 = 5.184 m.)
Minimum distance between centres of tables: 2 × R2 + 0.7 = 4.484 m allowing adjacent aisle
spaces to overlap (See [BD] on Figure 1).
Maximum number of guests: 200.
180
= 15
20 guests at the Top Table, 180 guests at circular tables. 12 guests per table means that
12
circular tables are required.
Other spaces to be accommodated
3 Entrance/Exit doors, each 2 m wide with 3 m clearance: 2 × 3 space for each; to be placed to
allow ease of evacuation.
2 Kitchen serving doors, each 1.5 m wide with 3 m clearance and separated by 1 m: 1.5 × 2 + 1 = 4
so 4 × 3 space.
Bar area 4 m with 2 m clearance: 4 × 2 space.
Designing the layout of the function room
Considerations
Circular tables may be placed in a number of different arrangements. Observing the centre points
of each of the 15 tables we may look at placing them in arrangements such as:
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• a rectangular array (15 × 1 or 5 × 3);
• a rectangular array of 4 × 4 with one space omitted;
• placing every second row with centres offset allowing the tables to be placed closer to each
other;
• offset centres with varying numbers of tables in each row;
• irregular placing of centres;
• a mixture of irregular and regular placings.
The design presented here is a rectangular array of 3 rows of 4 tables with a further row of 3 tables
offset to fit closer.
Calculation of distance between rows when centres are offset
Three centres may be placed in an equiangular triangular arrangement as 4ABD . The lengths
of sides [AB], [AD] and [BD] are 4.484 (distance between centres of tables). The height of the
triangle, h = |CD|, may be found by Pythagoras’ Theorem (or Trigonometry).
s

2
√
4.484
2
= 15.0797 = 3.883 See Figure 1.
|CD| = h = 4.484 −
2

Figure 1: Three tables placed as close as possible to each other.
A mock-up or sketch of the design is useful at this stage to visualise completion of the layout. The
final design may be used for reference here.
Width of the room:
4 tables in a row across the room: 3 × distance between centres +
= 3 × 4.484 + 2 × R3 = 13.452 + 5.184 = 18.636 m.

1
2

table at each end
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Length of the room:
3 tables in a row up the room + next table offset = 2 × distance between centres + offset distance
between centres (|CD| in Figure 1) + 12 table at each end (R3 + R3 or D3)
= 2 × 4.484 + 3.883 + 5.184 = 18.035 m.
Dimensions so far: L × W = 18.035 × 18.636 (in metres).
Placing the Top Table, Doors, Kitchen doors and Bar area, with reasons
From a mock-up of the layout so far, it can be seen that the doors may be strategically placed at or
near three corners of the room. This will allow ease of evacuation and also keep the overall area as
low as possible. The Kitchen doors may be placed on the right-hand side near the back. The Bar
may be placed on the left-hand side near the back. The Top Table and two doors may be placed on
the wall facing the row of four circular tables. The third door may be placed on the back left near
the corner with clearance space overlapping the clearance space of the Bar.
1. Calculations of space adjustments to accommodate the Top Table and 2 Doors
(a) Width: Width of room to accommodate 4 circular tables (as calculated above) = 18.636 m.
Length of Top Table + 2 doors = 14 + 2 + 2 = 18 m. The Top Table and two doors will fit
without adjustment of the width of the room.
(b) Length: From the wall behind the Top Table guests to the front edge of the Top Table is
2.35 m (as calculated above) and the length of the room increases accordingly by 2.35 m
which will now be 18.035 + 2.35 = 20.385 m.
2. Calculation of space requirements for the door clearances near the Top Table
(a) Width: The width of the doors together (4 m) is accommodated in the calculation in 1(a)
above. The doors may be placed at the corners of the room adjacent to the Top Table.
(b) Length: The closest seating of the circular tables is 2.35 (edge of Top Table) + 0.7 (aisle)
= 3.05 m from the wall behind the Top Table which allows enough space for the 3 m door
clearance required for Door 1 and Door 2.
The doors may be placed at the corners.
3. Calculation of space adjustments in order to place the Kitchen Doors on the back righthand side and the Bar and third Door on the back left-hand side
(a) Width:
The three offset tables on the back row need a width of 2 × 4.484 (2 × distance between
centres) + 2 × 1.892 (2 × R2) = 12.752 m. Since the width of the room is 18.686 m the
remaining available space on each side is (18.636 – 12.752) ÷ 2 = 2.942 m (|QP | in Figure
1).
This means that the Bar clearance area (2 m) may be accommodated on one side (Left)
but there needs to be 3 – 2.942 = 0.058 m extra space on the Right side in order to
accommodate the Kitchen clearance (3 m).
Adjustment of Room Width
As a consequence, the width of the room must be adjusted to 18.636 + 0.058 = 18.694 m.
Door 3
By allowing the door clearance area to overlap the Bar clearance area the third door (2 m)
may also be placed at the back left corner.
(b) Length: From 3rd Row to Back wall ([TR] in Figure 1):
The centre of the 3rd row is R3 + h = 2.592 + 3.883 = 6.475 m from the back wall
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(|M D| + |DC| in Figure 1).
The free space is 6.475 – R2 (|BR| in Figure 1)= 6.475 – 1.892 = 4.583 m.
This means that there is enough space available to accommodate the Kitchen access (4 m)
and the Bar (4 m) on their respective sides. They may be placed up to 0.583 m from the
back wall. Here, they are placed 0.5 m from the back wall.
4. Placing the Top Table
The Top Table will be placed centrally on the width of 18.694 m.
The dimensions of the room are 18.694 m × 20.385 m.
The area of the room is 381.08 m2 , correct to 2 decimal places.
2. Include a 1:100 scale drawing of your room design, indicating clearly the position of all the
features included. State the reason(s) for positioning each of the features in the plan.
The design has been completed using GeoGebra. Measurements are in metres. The drawing is
done at a scale of 1:100 so that 1 cm represents 1 m.
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3. Include your proposal for the name of the room. You may choose any name for the room,
including a local reference or a reference to a feature in your proposed room which does not
require an increase in the finished floor area.
This question provides for creative thinking and personalises the design process.
4. Find how many conference delegates can be accommodated in your function room (when theatre
style seating is installed).
Calculation of space available for seats:
a) Width: The width of the room is 18.694 m. The room may be divided in two since there is
a central aisle. On each side, aisle space is 1 ( 12 centre aisle) + 1.6 (side aisle) = 2.6 m. The
remaining space is 12 (18.694) – 2.6 = 6.747 m.
Number of seats in a row:
Each seat is 0.55 m wide so we can accommodate 6.747 ÷ 0.55 = 12.267 seats. This must be
rounded to 12 seats which occupy 12 × 0.55 = 6.6 m leaving 6.747 – 6.6 = 0.147 m extra aisle
space on each side. The aisle space on each side will then be 1.6 + 0.147 = 1.747 m.
Each row can hold 12 + 12 = 24 seats.
b) Length: The length of the room is 20.385 m. The available space is
20.385 – 2.35 (Top Table) – 1.6 (aisle between rows 10 and 11) – 2 (front aisle) = 14.435 m.
Each seat requires 0.5 (seat depth) + 0.5 (row clearance) = 1 m.
Thus, 14 rows may be accommodated.
Adjustments for clearance on Door 3 at the back
There is one door clearance (2 × 3) which must be accommodated.
a) Width: The 12 seats in a row on the left-hand side end at 1.747 m from the left-hand wall
which is too short. Eleven seats would end 1.747 + 0.55 = 2.297 m from the side wall. Since
the clearance for the door comes 2 m from the side-wall (and 2.297 > 2) only one seat has to
be removed from the back row to accommodate the clearance space for the door.
b) Length: Since each seat requires a length of 1 m (calculated above) the door clearance of 3 m
will require 3 seats, in total, to be removed.
Total number of delegates
The theatre seating can accommodate 14 rows with 24 seats in each row, less the 3 seats in the
door clearance space at the back.
Total: 24 × 14 – 3 + 20 (Top Table) = 353 delegates.
A drawing helps to establish these figures and although not requested in the specifications may be
included for clarity, as is given here.
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5. Use the World Wide Web to find and list two Irish companies which could manufacture the tables
and/or the chairs for your room. Recommend one of these companies, stating the reason for your
choice.
This question provides for an interesting investigation of the companies which provide such services in Ireland.

Dominic Guinan & Neil Hallinan
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A Mathematical Analysis of the Evolution of Rhythmic
Cadence in Rap Music
Introduction
Like many young people, I have an interest in music, and I enjoy Rap music in particular. The
idea for this project originated from my observation that many modern popular Rap artists have
risen to fame due to their ability to create a catchy ‘flow’, rather than their lyrical ability or the
subject matter of their songs. This new style of Rap music has proven itself to have a wider
appeal than the ‘old school’ flows, with the Billboard ‘Hot 100’ list (a weekly chart of overall
most popular songs) having more Rap songs than songs of any other genre in 2017 (https:
//www.billboard.com/charts/rap-song).
From listening to my favourite rappers I noticed that all great lyrical rappers are able to take the
current popular style of Rap and put their own spin on it; but where do the rising trends come from?
I had often wondered about the nature of the evolution of Rap as a genre. Is it under a constant
seismic force of change from rappers incorporating aspects of other artists’ music into their own,
or do trends erupt from the explosive entrance of new stars into the industry? And was it possible
to use my favourite subject — Mathematics — to answer these questions?
That’s exactly what I set out to do in August of 2018, when beginning my project for the BT Young
Scientist and Technologist Exhibition 2019. This article will detail the work I carried out for my
BT Young Scientist project, which investigated the stylistic evolution of Rap music, and will focus
specifically on how I applied Mathematics to answer my question. I’ll begin by defining some
terminology associated with rhythm in Rap music. I’ll then provide an overview of the methods I
used, before presenting the main findings and conclusions.

Background
To begin, it is useful to explain some of the terminology associated with the rhythm of an artist’s
voice in Rap music. So what are rhythmic patterns and rhythmic cadence?
Rhythmic pattern: The pattern created by the sequence of durations between syllables in a line.
Rhythmic cadence: The rhythmic pattern at the end of a line that is rapped, either crafted to run
into the next line smoothly or to create a sense of closure at the end of a line (Paulis & Klapuri,
2002).
The aforementioned concept of ‘flow’ in Rap is the way in which an artist raps on a verse or
song; so flow can be thought of as the combination of all elements of Rap together, setting the
emotional mood for the verse. Flow is created by rhyming in correlation with the rhythmic pattern
and cadence, in time with the beat. A common method used by rappers to keep in time with the
beat is to place stressed syllables coinciding with the strong beats of the backing track.
As the project was intended to investigate the stylistic evolution of popular Rap music, I decided to
focus specifically on rhythmic cadence/rhythmic patterns in the artist’s lyrical performance as the
feature of Rap songs to be investigated. I chose to focus on rhythmic cadence of the artist’s voice
rather than musical aspects of the backing track (beat) or the poetic and rhyming qualities of the
lyrics. My reason for doing this was that while rhyming, metaphors, alliteration and other poetic
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techniques do play a big part in the quality of a song, they do not tell us much about the way the
song sounds, and we must not forget that my goal was to investigate the stylistic evolution of the
genre. With this in mind I thought that investigation of the rhythmic patterns in the rapper’s voice
would be the best indicator to inform me about the evolution of the genre.
At this point you may be wondering where does mathematics come into this? Why investigate
mathematically? Well, as many people may be aware, the premise of music theory is based on
mathematics, from melody to rhythm. The concept of ‘circle of fifths’ is mathematical and is
used to create melodies. Chords are mathematical, harmonies are mathematical, and of course
rhythm is too as it is concerned with patterns of durations between events. For a musical artist,
the entire composition process is carried out on the mathematical foundations of Music Theory.
As this project investigated change in styles of rapping, it must be considered that fundamentally,
Rap is effectively spoken word poetry in a musical context. Thus, the areas of Music Theory and
Linguistics, both of which have strong mathematical foundations, were simultaneously involved.
Therefore I identified a mathematical analysis of the genre’s evolution to be the most effective way
to investigate the stylistic changes in Rap.

Methodology & Results
Creation of a Dataset
As a first step, I had to create a dataset of songs and their rhythmic patterns. I did this by creating
a list of the top 3 songs from each year from 1989 to 2018, from each year’s weekly Billboard
Hot Rap Songs chart. I then downloaded each song’s official a capella1 version from YouTube or
created an a capella version of the official audio using an audio retouching software, Izotope RX7,
(commonly used in the music industry during the mastering process) to remove the backing track
using its music rebalance feature.
I then advanced by splitting the a capellas into syllable durations represented on a MIDI file.
I did this in a digital audio workstation (DAW) called FL Studio, using a stock ‘plugin’ called
‘Fruity Slicer’, which detects points of change in velocity of the audio files which it processes,
and splits the audio at these points. I used regression analysis to compare the viability of using
a fully automated process for this step versus editing the automated output by hand. I took into
consideration the time taken to complete this step for a verse using each method and analysed the
accuracy of each method’s output and consequently, I used the revised (fully automated process)
on all songs. More information on this regression analysis can be found in the next section of this
article.
My final step in creating a dataset was creating a feature extraction program in C++ to assess MIDI
files, then output the features which I identified as being most important to rhythmic cadence.
Based on my desk research, I selected the following features as ideal outputs and each feature was
successfully calculated and outputted using my program:
1. Each syllable of the line, represented in reverse order by integers 1 to 4 representing its relative
syllable strength when compared to all the other syllables in the verse
2. The length of the line
1

voice only — no accompanying instrumentation
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The syllables per second rate
The syllables per musical bar rate
The coefficient of variation
The end cadence type class from 1 to 4

It may be useful to provide more insight on my rationale for choosing the above features.
To begin, I should explain my reasoning for representing the rhythmic pattern of each line using
classes numbered 1–4 (feature 1). In the English language there is a correlation between the
duration of a syllable and its stress. When comparing two songs of different speeds, the stressed
syllables of the faster song could be of a similar value to the unstressed syllables of the slower
song. Therefore, when comparing the rhythmic patterns of two songs, a common method of
distinguishing the stress of a syllable relative to other syllables in the same song must be applied,
rather than simply comparing the duration of each syllable. By clustering syllable durations of
each song separately, each song is assigned an individual set of length values to distinguish the
strength class (1–4) to which each syllable belongs.
There were several reasons for my decision to print these values in reverse order. First, cadence is
only involved in the last few syllables of a line so printing them in reverse order provided a better
comparison of the syllables in the end cadence. Second, the greatest variance in syllable lengths
comes at the end of a line during rhythmic cadence, so if the syllables are printed in chronological
order, then lines of different lengths but with very similar rhythmic patterns would not be classed
as similar as they are perceived to be.
The use of line length as a feature was an obvious choice in order to pair similar lines. While it
could have been omitted and the difference in the last number of syllable class values (feature 1)
between lines could have been used to calculate the difference between length of lines, this would
have biased the comparison because it would result in emphasising the influence of the last few
syllables on the final similarity comparisons. Therefore, line length was included as a feature.
Syllables per second was decided on as a feature because it seemed to me to be a defining factor
of a Rap artist’s style and flow, and research on other musical genres regard tempo as a defining
feature (Dannenburg & Hu, 2003). This ties with my rationale for including the next feature:
syllables per bar. This feature is important because it defines how the artist interacts with the beat
or raps in the relation to the beat. My reading of the work of Tagg (1982) informed my method
here as Tagg grouped his features according to whether they were independent or interdependent.
At that stage, I realised that I had neglected to include interdependent features and understood that
it was important to include this because a ‘syllables per bar rate’ would provide a good indication
of how many syllables are rapped between strong beats in a bar by an artist, indicating how often
they rap a syllable on a beat, which is a good indicator of how their cadence interacts with the beat,
thus creating their ‘flow’. As the beat and the vocals are perceived simultaneously by the listener,
they needed to be looked at in a similarly connected manner in my study.
The purpose of using the coefficient of variance as a feature was to describe the choppiness of a
flow or rhythmic pattern. I had originally programmed this feature to output the standard deviation
rather than the coefficient of variance, however I soon realised that this would create a bias by
pairing lines of similar tempos to each other and that it would neglect to pair lines of different
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speed but which exhibited very similar choppiness to each other.
Regarding the final feature — end cadence — my reading of the literature on this area indicated
that no standard way of representing or calculating rhythmic cadence already existed. Therefore
I had to devise a method of doing so. My method is grounded in both music theory and poetry
as cadence in music theory involves the change from one melodic chord to another and in poetry,
poets will create a rhythmic pattern towards the end of the line or break the rhythm of the poem
using punctuation. In my method of classing the rhythmic cadence I used the movement from one
class of syllable to another as the first defining factor, and the slowing down or speeding up/staying
the same of tempo as another defining factor. This generates 4 different types of rhythmic cadence
according to my classification method, the strongest being represented by 4 and the weakest being
represented by 1. My program checked for a relatively longer (stronger) syllable at the end of the
line when compared to the syllable which is second from the end. If the tempo increases towards
the end of the line, 3 is outputted, and if there is a decrease in tempo, 4 is outputted. Alternatively,
if there is a weaker syllable after a stronger syllable at the end of the line and the tempo speeds up,
1 is printed to the CSV2 and if the tempo decreases, then 2 is printed to the CSV.
In summary:
syllables

tempo

}|
{
z
stronger, weaker,
stronger, weaker,
weaker, stronger,
weaker, stronger,

z }| {
rising
falling
rising
falling

→1
→2
→3
→4

The creation of a fully operational feature extraction program was one of the most time consuming
tasks involved in my project, as I had limited coding experience prior to this. Having said that, I
must also add that the time which I put into learning to do so was well spent, as it was one of the
biggest learning curves for me in the execution of this project and it enabled me to extract all of
and only the information which I required for the specific analysis which I was carrying out.
Regression Analysis
Comparison of Methods of Splitting Songs
I carried out regression analysis on the output of my feature extraction program, changing the
method I was using to split the audio into syllables on a MIDI file, to investigate the effect this
would have on the output of the feature extraction program. I decided to look into this because
I was 15 songs through splitting the verses into syllables using my original method and it was
averaging about 1 hour to 1.5 hours to split each song. Due to the limited time available to complete
my project, I felt that if I continued using the same method I would not get all the songs done in
time and leave myself with a very small database for analysis. However, I was also concerned that
if I was not as precise in the editing of slices my results would not be as accurate. Thus, I decided
to undertake regression analysis to look into this, with the changing variable being the method
employed to split songs into syllables.
As I had 15 songs split at the time of carrying out this particular analysis, I conducted regression
analysis on 5 of those songs, one from each of the years 2014 to 2018. I split each of the 5 songs
2

A CSV file contains comma separated values

IMTA Newsletter 117, 2019

Page 15

using the original method followed by the revised method. Only the outputted syllable classes in
reverse order by line were taken into account in this investigation as I had not yet coded the entire
feature extraction program at that time. The change in syllable classes would nonetheless be a
good indicator of errors created by the change in splitting method. The analysis was carried out in
an Excel spreadsheet using the Euclidean distance formula:

d(p, q) =

p

(p1 − q1 )2 + (p2 − q2 )2 + · · · + (pi − qi )2 + · · · + (pn − qn )2

to compare corresponding lines to each other between splitting processes, simulating the comparison that would ultimately be made between lines using a kNN3 algorithm.
Shown below is the distance of the revised method’s output from the original method’s output as
a percentage of the maximum distance from the original method’s output, for each of the 5 songs
involved in this part of the regression analysis:
Song 1: 58% Song 2: 44% Song 3: 44% Song 4: 45% Song 5: 47%
While I was happy with the accuracy of the revised method of splitting the songs into syllables,
I noted that there appeared to be more errors created in the splitting process due to extra slices
being placed where they should not be, thus creating more short duration notes than there ought to
have been. I felt there was scope to improve my feature extraction program further by introducing
an error correction system. Therefore I carried out a second regression analysis, to investigate the
viability of including such a mechanism in my program.
Comparison of error correction systems
I tested many correction systems, all working on the same basic premise i.e. if the duration was
below a certain determined value (which I calculated in relation to the cluster centroids) then it
was either completely ignored or else the duration value was added to the syllable before/after the
error slice. After incorporating 7 different correction systems into my feature extraction program
separately, I ran the MIDI file created using the revised method of splitting for each song (5 songs),
through the program each time a new error correction system was incorporated. The resulting list
of syllables classed as 1, 2, 3 and 4 were copied and pasted into the same file as that in which
the first regression analysis had been carried out. Using the same Euclidean distance function, I
was able to assess the accuracy of each of the error correction systems. By ranking the outputs of
each of the error correction systems and the uncorrected feature extraction outputs for a song in
relation to the output of the feature extraction program for the songs when they were split using the
original method, I was able to assess whether any of the error correction systems were improving
the accuracy of the feature extraction program. The system with the lowest sum of its rankings
would be the most similar in general to the MIDI file created using the original splitting method
and so would be most accurate. The table below sets out the results, with 1 representing the
smallest distance and 7 representing the biggest distance:

3

k nearest neighbours
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unedited
distance

God’s
Plan
Bad
and
Boujee
Panda
Hotline
Bling
Fancy
Overall
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edited to
passed
forward

edited to
erased
below
centroid 1

1

edited to
passed
backwards
distance
4

7

1

6

3
1

2

edited to
erased
below
tipping
point 1
6

3

passed
back
below 1/2
below
centroid 1
2

7

3

5

4

2

2
5

7
7

4
3

6
6

1
2

5
3

1

6

7

3

5

2

3

7

23

35

15

28

12

15

passed
back
below
centroid

Table 1: Analysis of the importance of each feature to the human perception of similarity
As my project set out to assess the evolution of the genre of Rap by examining rhythmic patterns,
I felt that it would be important to take into account human perception of rhythmic patterns.
Normalisation or scaling is an aspect of pre-processing of data, whereby prior to data being
analysed or processed by a classification or clustering algorithm or otherwise, it is brought to a
scale of 0 to 1 or 0 to 10 etc. This is done in order to allow all features or attributes of the data
have an equal say in the output of the algorithm. While in many cases this may be the best path to
take in order to get effective and accurate results, in my project as I was trying to simulate human
perception, I realised normalisation would not be effective or applicable, as I could not presume
that all features which I had extracted from the database of songs would be perceived as equally
important to the listener in their assessment of similarity between songs. Human perception of
music has been researched extensively (Thaut et al., 2014) and from my reading of the research on
this area, there was a lot of information about how humans perceive similarity of music in general
(Cameron et al., 2017), but I could find no information on which particular rhythmic features of
music or speech have the greatest influence on human perception of similarity.
Therefore, I decided to create a listening test, the results of which could be used to inform my
similarity assessment. The design of the test was informed by the work of Tagg (1982). I recruited
70 students from my school to take part in the listening test which essentially comprised audio
clips of synthesised drum beats, which played out rhythmic patterns. Participants were requested
to indicate whether they perceived drum clip B or C to sound most similar to drum clip A. This
question was asked eight times of each of the 70 participants, and each time, a set of drum beats
were played in the following order: A, B, A, C. By keeping the audio clips ‘A’ and ‘B’ constant
throughout each section, I was able to isolate drum beat ‘C’ as the only variable, and thus by
analysing my participants’ perception of which drum beats were most similar to ‘A’, I could gauge
the importance of each feature of the rhythmic patterns to the human perception of similarity
between them.
I did this by adding up the total number of responses for ‘B’, ‘C’ and ‘I don’t know/unsure’ for
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each question and represented each of them in a ratio of B:C. If B was perceived to be more
similar to A than C, B’s features should have a smaller Euclidean distance from A’s features than
C’s features do from A’s features. The drum sequences that were used in the test were converted to
MIDI files and passed through my feature extraction program. The outputted features were opened
in an Excel spreadsheet and using the values displayed, a formula for each drum clip’s Euclidean
distance from A was created:
4
1
121 2
1
e + 0.001463 f 2
B 2 = a2 + b 2 + c 2 +
3
9
3
40000
1 2
2
2
C1 = a + 0.047411 g
9
C22 = 8.29728 × 10−3 f 2
10
C32 = c2 + 0.0110805 d2 + 6.245001 × 10−6 g 2
9
4
C42 = a2 + 1 × 10−4 e2 + 5.329 × 10−5 f 2 + 1 × 10−4 g 2 + h2
3
16
17
4
4
C52 = a2 + b2 + c2 + 0.0474g 2 + h2
3
9
9
9
10
C62 = c2 + 0.01108d2 + 2.588881 × 10−6 g 2
9
26
C72 = c2 + 0.03417174074g 2
9
4
8
8
C82 = a2 + b2 + c2 + 0.02196e2 + 0.01535990f 2 + 0.011543998g 2
9
9
9
I assigned a Euclidean distance of 120 units between A and B, which allowed me to create
equations from my formulae. By solving these equations, I’d be provided with upper max values
for the scaling of each feature. Min-max scaling formula is as follows:
x1 =

x − min
max − min

After solving these equations and tweaking the values of variables to avoid overfitting (bringing
them from a range of [−1341.45 , 2053.78] to a range of [75 , 946]), the following values were
used as the upper limit in min–max scaling:
a
134

b
946

c
111

d
223

e
849

f
75

g
205

h
250

Data Analysis
At this point I had a dataset ready for analysing, so I now needed to decide on a method of drawing
comparisons between songs based on my data. I chose to use the kNN algorithm for this step
because kNN as a machine learning algorithm does not make generalisations on a class, instead it
stores the actual data for each instance including the class, then when another instance is supplied
in order to be classed, the values for each attribute i.e. the features that were extracted earlier, are
compared using a distance algorithm. I used the Euclidean distance function to calculate distances
between instances. All machine learning algorithms used for comparisons were run from Weka.
Songs were paired by similarity using classification, with the song which a line was classed as by
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the classification algorithm being identified as the most similar song to the line.
The process of a kNN algorithm is as follows:
1. A training set of data is supplied to the algorithm. This data is memorised by the algorithm
for comparison to the test set.
2. When a test set of data is supplied to be classed in accordance with the data that was supplied
in the training set, the algorithm uses the training set data to create a distance value between
the instance it is trying to class and each instance of the training set.
3. ‘k’, which is a variable that can be set to any value now comes into use. If k is equal to 1
then the 1 closest instance (calculated by using a given distance function) in the training set
to the unclassed instance in the test set is categorised. If k is greater than 1 there is a vote
between the k closest instances to decide which class the unclassed instance will be given.
I ran both the CSV files containing data on songs through the kNN algorithm on Weka, selecting
output results in ‘CSV’ format, ‘test on training set’ and ‘ignore identical instances’. I did this so
that the instances would be compared against all the instances in its file, but not get matched to
themselves. Also, I could easily open the saved results buffer in Excel, as it was in CSV format.
I conducted several investigations on the outputted data classed by song from the kNN algorithm.
The following section outlines my procedure and main results, focusing on the most insightful
results only, due to space limitations:
Analysing output of similarities between lines classed by year
First, the median for most similar year to each year was calculated, using the pairing of each line
within a year to another year.

Above is a scatter plot representing the most similar year to each year. The positive slope of the
trendline indicates a stylistic correlation between years of the same periods thus confirming that
there has indeed been a stylistic evolution in the genre. The data was then analysed in order to
create five clusters of years in my dataset, based on similarity of the popular styles of the years.
This was conducted by:
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1. Taking the pairing of each line within a year to another year, the median for each year was
calculated.
2. The years calculated by median in step 1 were clustered using k-means in Weka. The
MakeDensityBasedClusterer algorithm in Weka was used to decide what number of clusters
would be most effective in clustering the years.
3. Once these clusters had been created, the positioning variance and number of clusters within
a timespan is analysed to draw conclusions.

Displayed above are the years included in my study, (1989 – 2018), clustered based on their median
most similar year. A gradual introduction of new styles is indicated by the overlapping of the
periods over which these clusters span.
Identification of the most influential songs overall and relative to other songs of their year
The steps taken to do this were:
1. Counting the number of lines in a song that were identified as being most similar to any other
song in the dataset after its release
2. Dividing the count from previous step by the total number of lines which were analysed in
the given song and multiplying by 100 to create a % of the total number of lines which were
paired with songs from subsequent years
3. Charting out this information on a scatter plot and using the trendline feature of Excel to find
an average influentiality per year
4. Every dot (corresponding to a song) plotted above the trend line is considered relatively
more influential for its year. By identifying the outliers above the trendline, 5 songs were
identified as being substantially influential relative to other songs of the same year.
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5. By examining the overall trend of the scatter plot, different periods could be identified as
being overall more influential on subsequent songs.

The scatter-plot above plots out the influence of each song on subsequent songs. The 5 songs
which have been identified as being substantially more influential relative to other songs of the
same year are marked in red. Another observation taken from this scatter plot is the trend of a
lower percentage of lines in songs of recent years being paired to subsequently released songs than
lines in songs of earlier years. While this may seem like a biased comparison to make, it informs
me that the style of earlier songs is still influencing the songs of today, either directly or indirectly,
as evidenced by the negative slope in the scatter-plot’s trendline.

Conclusions
From my results, the following conclusions regarding the nature of the stylistic evolution of rap
music can be drawn:
• From my clustering of years by style, I identified 5 different stages in the evolution of the
genre of Rap over the last 30 years, which illustrates movement from style to style. The
overlapping of the timespan of these stages indicates a gradual introduction of new styles,
rather than a sudden turning point towards a particular style.
• In the last 10 years, there has been more stages of change within the genre than was apparent
for any other period. Therefore, I can deduce that the genre now has a greater diversity of
styles than it did in previous years.
• Examining the evolution of the genre of Rap over a 30 year period, 5 songs were identified
as being substantially more influential on subsequent years than other songs in their year:
‘Tha Crossroads’ (1996), ‘My Baby’ (2001), ‘Good Life’ (2007), ‘Gangnam Style’ (2012),
and ‘Watch Me’ (2015).
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• An overview of the most influential songs over the last 30 years indicates that songs from
earlier in the timespan have been more influential than those from later years. This shows
that the style of early songs continues to be influential on recent songs, despite the ongoing
evolution of the style in the genre.
One obvious extension of this study would be to apply the approach used to a larger number of
songs. However, a problem that would be faced if this study was scaled up would be the labour
intensity of splitting songs into durations on a MIDI file, because with a larger number of songs, the
method I created would be too slow. Therefore, I would recommend a change in the methodology
if I were to extend my study to investigate more songs, and that would be to create a machine
learning program to carry out the splitting process. However, considering the scale of such a task
along with the amount of work which was carried out in this study as it is, it was not attempted for
this project. Undertaking this project developed my coding skills so this is something that I can
envisage myself doing in the future.
This study is unique among studies investigating the evolution of Rap music as it didn’t investigate
the socio-cultural or lyrical aspects of the music but the rhythmic cadence of the vocals. Before I
carried out my investigations there was no guarantee that it would be possible to identify changes
or trends in the rhythmic patterns and cadence of popular styles of rapping throughout the last
30 years but my methods have successfully investigated the evolution of the genre, using a novel
approach. In this way, what I have done, while relatively small in its scale, has contributed to
scientific knowledge in the field of mathematics and music. I think I have also shown that it
is possible to use mathematics to investigate an aspect of popular culture which is of interest to
young people, and I hope that this project might inspire other young people who aren’t as interested
in mathematics as I am to see how it can be applied to answer questions they have regarding their
interests.
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Teaching the Shakespeare of Mathematics
Report on a talk by Marcus du Sautoy to IMTA members at the Dublin Branch AGM, 11th April
2019.
The talk was entitled ‘Teaching the Shakespeare of Mathematics’ and Marcus du Sautoy OBE
FRS enthralled and intrigued his audience for over an hour on a fine night in April 2019 at Trinity
College, Dublin. The basic question of the night was, why should a young person be interested in
mathematics?
Du Sautoy answered this first of all by delving into his
own background and how his initial boyhood dream of
becoming a spy (and had taken practical steps in his
subject choices to achieve this aim) changed as he was
introduced to some informative and inspiring writings
about mathematics. He specifically identified a book, The
Language of Mathematics by Frank Land, as a seminal
work which had been recommended by his mathematics
teacher.
Referencing various curricula (UK based) he highlighted
their common focus on producing excitement, curiosity and
enjoyment as key elements although these elements are not
always part of the implemented curriculum, especially in
mathematics. In the curriculum of teaching English it could
be compared to reading a Shakespearean play as a piece
of magnificent literature as opposed to learning spellings.
While learning spellings is essential it is not generally seen Figure 1: Marcus du Sautoy at
Trinity College, Dublin, April 2019
as the most inspiring or inviting part of learning English.
There should be something similar in mathematics, he proposed. In order to spur the interest of
young people there should be a promotion of the great ideas of mathematics — identifying the
Shakespeare of Mathematics, as it were.
For this purpose du Sautoy indicated that for his talk he would refer to three areas of mathematics
that could be considered starting-points for such a programme.
Within Geometry a consideration of 4-dimensional space was a rich environment in which to
delve. How can people think about dimensions above three? What imagination is involved? What
changes of languages are required? What methods or materials could be used to describe such
dimensions? Historically, many great mathematicians have attempted solutions to these questions
as have modern architects such as the designers of L’Arche de la Défense in Paris and painters such
as Dali as well as du Sautoy himself in his reflections on a simple computer game of Asteroids.
Within Number the simplest entry point he considered was Prime Numbers. Prime numbers are
essentially the atoms of Arithmetic and play such an important part in all our lives — especially
if we pay for purchases over the Internet where prime numbers are involved in establishing codes
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such as the RSA code which powers internet commerce. Again, du Sautoy referenced a book
which could be considered essential reading for aspiring mathematicians — A Mathematician’s
Apology by G.H. Hardy — as it illustrated the power of logical argument in some short proofs
such as Euclid’s exquisite proof of the infinity of primes. As well as humans in their mathematics
and in their music (by composers such as Olivier Messiaen of whose enigmatic piece Liturgie de
Cristal we heard a snippet), primes are also employed by other members of the animal kingdom.
Some species of cicadas (of whom we also heard a snippet!), for instance, have a breeding cycle
of a prime number of years which is possibly a defence mechanism against predators.
Unfortunately, time did not allow for a development of ideas surrounding the third Shakespeare of
Mathematics — Symmetry.
Du Sautoy concluded by quoting yet another book, this time a piece of English literature, The Thief
of Time by Terry Pratchett:
‘What precisely was it you wanted, madam?’ she said. ‘It’s just that I’ve left the class
doing algebra, and they get restless when they’ve finished.’
‘Algebra?’ said Madam Frout.
‘But that’s far too difficult for seven-year-olds!’
‘Yes, but I didn’t tell them that and so far they haven’t found out,’ said Susan.
The hope of du Sautoy would be that by putting some of the Shakespeare of Mathematics in the
minds of young people and not just the grammar of Mathematics that they would go on to become
involved and enjoy mathematics in a very good way in their lives.

Neil Hallinan,

Dublin Branch
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Peter’s Problem 2019
Problem No. 1
Ten identical coins are arranged in a triangle as shown in the
diagram as an arrow pointing upwards.
(i) Move 3 of the coins to new positions so that the arrow points
downwards. Draw a diagram (with numbers) of the coins in
their new positions. Highlight the numbers for the 3 coins
which you have moved.
A further row of 5 coins is added to the given diagram to form a
triangle of 15 coins in 5 rows.
(ii) What is the minimum number of coins that must now be
moved into new positions in order to reverse the direction
of the arrow?

Problem No. 2
How many rectangles can be found in the given diagram?

Problem No. 3
Beginning with 4, insert the mathematical signs +, –, × and ÷ along with brackets as
appropriate between each of the digits so that this expression is correct:
4

6

5

3

8

7

9

2

1 = 58

Problem No. 4
Replace the asterisks with the digits, 1, 2, 3, 4, 5, 6, 7, 8 and 9, one for each, so that the
mathematical statement of subtractions is correct.
∗∗∗

−

∗∗∗

−

∗∗∗

= 100
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Problem No. 5
Each of the symbols represents a number. The addition totals for each row and column are
given, except one. Find the number represented by the * symbol.
20
Θ
U
%
U

27
Θ
η
η
U

20
Θ
U
%
U

17
U 29
% *
% 13
Θ 23

Problem No. 6
Log onto https://nrich.maths.org/5612 (Method in Multiplying Madness?)
(i) Multiply 253 by 41 using the “Multiplying with Lines” method, showing your work.
(ii) Write down two advantages and two disadvantages of using this method of
multiplication.

Problem No. 7
Write down any 3 digits and write down the same 3 digits again in the same order to make a
6-digit number. e.g. 123123 or 389389 or 306306, etc.
Explain why 7, 11 and 13 all divide evenly into all numbers of this form.

Problem No. 8
In a triangle, one angle is twice the size of another and one angle is three times the size of
another.
List the measure in degrees of all of the smallest angles which are possible.
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Problem No. 9
One rectangular sheet of paper is placed on top of another as shown. Given that the dimensions
of the larger sheet are double those of the smaller sheet, find the total area, in cm2 , covered by
the sheets in the position shown. [Measurements are given in cm].

Problem No. 10
A circular cutting blade has been used to form the curve on a rectangular piece of wood as
shown on the plan view given.
Using the dimensions given, find the radius of the cutting blade (in cm).

Problem No. 11
Log onto www.steps.ie
(i) From the 12–15 section, list three types of engineers engaged in the production of
chocolate and three functions of engineers in the presentation of the finished product.
(ii) From the 16–18 section, list the 6 problems that engineers of the future will have to
solve.
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Problem No. 12
A chef made 4 mixes of orange squash and water in the following ratios
Orange squash : Water = 1:2, 1:3, 1:4 and 1:5.
The 4 mixes were placed in jars marked A, B, C and D respectively.
The chef then removed k ml from each of the jars marked A and D and poured each into a jar
labelled X. She also removed k ml from each of the jars marked B and C and poured each into
a jar labelled Y.
(i) Which of the jars, X or Y, contains the higher concentration of orange squash?
(ii) Why?

Problem No. 13
A prisoner was helping a contractor to repair the flat roof on his cell when he noticed that the
edges of the roof were flush with the outer surface of the walls of the cell.
(i) If the cell measured 4 m by 5.5 m internally and the roof had an area of 38.5 m2 ,
calculate the width of the wall, in cm, if all of the walls were the same thickness.
(ii) If the prisoner wishes to escape by tunnelling through the wall at an average rate of
1.3 cm per day, on what date should he begin the tunnel if he is to escape on March 2nd ,
in time for the beginning of Engineers Week, 2019?

Problem No. 14
Choose any two natural numbers each less than 10.
Select one of the numbers and add 1, multiply by 5, add 1 again, double your answer and
subtract 1. Add the second number to your answer, add 2, double again, subtract 8 and halve
this number and write down your answer.
Write down the rule that identifies from the answer the two numbers selected at the start.

Problem No. 15
How many Natural numbers less than 1000 have the same remainder when divided by 3, 4
and 5?

Problem No. 16
A student began to count on the fingers of his left hand. He started by calling the thumb 1, the
first finger 2, middle finger 3, ring finger 4, little finger 5, then reversed direction calling the
ring finger 6, middle finger 7, first finger 8, thumb 9, first finger 10 and so on.
(i) On which finger did he reach 50?
(ii) On which finger would he stop if he were to count to 2019?
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Problem No. 17
A railway depot is fitted with a track for trainee engine drivers. It contains two freight
carriers, A and B, and an engine, E. The track is circular in shape with two sidings as shown
in the diagram. It has a tunnel, T, which is large enough for the engine to pass through but
not the freight carriages.
At the start of the training exercise the engine is placed at the entrance to a siding (X) with
the carriages A and B next to Tunnel North in the order shown in the first diagram. The
trainee’s task is to use the engine to bring the carriages and the engine to new positions as
shown in the second diagram, with the carriages next to Tunnel South in the order shown and
the engine at the entrance to Siding South, Y.
In order to push or pull a carrier the driver has to hitch the engine onto it. When finished
moving that carrier the driver has to unhitch the engine from it.
(i) How many ‘hitch-unhitch the engine’ operations are required, at minimum. i.e, how
many times the engine has to be hitched to a carriage, some movement or movements
carried out and then the engine unhitched from that carriage.
(ii) Describe, with the help of diagrams similar to the ones given, the moves required for
the driver to move from the position shown in the first diagram to that in the second
diagram giving an account of the ‘hitch-unhitch the engine’ operations.
[Notes:
1. From inside the cab the driver may operate the track siding-switch to allow a change to the rail from the
circular track to the straight track.
2. There is no left-hand turn into the top siding travelling clockwise nor is there a right-hand turn into the
lower siding travelling anti-clockwise.
3. For descriptive purposes the labels North Siding (SN), South Siding (SS), Track switch point entrance to
Siding North (X) and Track switch point entrance to Siding South (Y), North side of Tunnel (TN) and
South side of Tunnel (TS) may be used as in the third diagram.]

Diagram No. 1

Diagram No. 2

Diagram No. 3
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Problem No. 18
Table-tennis balls are packaged in boxes of 8 and in boxes of 15.
Viz., an order for 38 balls may be filled without breaking open any box by sending 2 boxes
of 15 and 1 box of 8 while an order for 37 balls cannot be filled without breaking open a box.
What is the maximum number of balls that cannot be bought without breaking open a box?

Problem No. 19
Three people — yourself and two friends — are faced with the problem of crossing a rope
bridge which is only strong enough to hold any two at a time. Furthermore, a single special
token used to open and close the gates at either end as people pass through must be brought
by whichever person or group crosses the bridge. It must then be brought back before the
next person or group can cross. Individually, the crossing times are 1 minute, 2 minutes and
10 minutes for yourself and your two friends, respectively.
Before you can cross the bridge a third friend arrives who also wishes to cross the bridge with
you. You ask this third friend how long it takes them to cross the bridge if they were to cross
on their own. When you are told you are happy that when the four of you cross as a group it
will only add a further 4 minutes to the minimum crossing time that you had calculated for
yourself and your two friends at the start.
What are the smallest and the greatest lengths of time (in whole numbers of minutes) that your
third friend could have told you that he or she would take to individually cross the bridge?

Problem No. 20
Prove that every odd integer lies exactly halfway between a multiple of 3 and a multiple of 4.

Problem No. 21
Log on to
www.math.harvard.edu/~knill/mathmovies/swf/maandpakettleaddition.html and
view the Ma and Pa Kettle film (Length 2:15).
(i) What answer does Pa get when he divides 25 by 5?
(ii) What mathematical error does Pa make in his calculation?

Dominic Guinan and Neil Hallinan
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An interest in e
The following article will trace the motivations that led to the discovery and subsequent applications of the numerical constant e. This conversation will subsequently take in the relationship to
the natural logarithm and aims to give the reader an intuitive understanding of the applications of
a seemingly esoteric mathematical concept.
We will work towards a formal definition of e later but for now it is useful to think of e as
representing the base rate of growth of a continuously growing process. Examples of continuous
growing processes could be human global population, compound interest on savings, heat transfer
etc. The behaviour of all of these processes over time can be described as e multiplied by some
scaling factor. To illustrate how this is the case we will consider the original problem that led to
the discovery of e.
The origins of the constant e involved a selection of mathematical heavyweights. It was originally
discovered by Jacob Bernoulli in 1683 when considering a question about compound interest. The
problem itself concerned quantifying the impact of crediting interest on a sum of money on a
continuous basis. To begin with, let us consider the case where we have A
C1 in a bank account. Our
bank tells us that they will give us 100% interest on this account and that interest will be paid to
us at the end of the year. After one year we receive our 100% interest (which is A
C1) and now our
bank account has doubled to a healthy A
C2, our original A
C1 and the A
C1 of interest.

Figure 1: 100% interest credited after one year
Consider the following year on the same strategy: We start with A
C2 this time and again we would
receive 100% after the end of the year, but this time that represents A
C2. So at the end of the
following year we have A
C4. Each subsequent year we are adding the previous year’s final number
to our total. In fact if we wanted to know the amount of growth after a number of years (let’s call
it x) we could use the formula
Growth = 2x
Relating this back to our original interest amount we could rewrite the above as
Growth = (1 + 100%)x
However, we won’t always be so lucky as to have a 100% return, but we can easily substitute
whatever the return rate is into the formula, so at this stage it is best to think of it in the following
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form:
Growth = (1 + return)x
Now consider the case where we repeat the above experiment but with a twist: instead of applying
the interest at the end of the year, the bank applies 50% of the interest after 6 months. So after the
first 6 months our account now has A
C1.50, and we continue as before where 50% interest will be
applied after the remaining 6 months. However for the final 6 months 50% interest is being applied
to A
C1.50, not to our original A
C1, so the interest amount for the second 6 months becomes A
C0.75.
This means that at the end of our year we have our original A
C1, the A
C0.50 interest from the first
6 months and the A
C0.75 interest from the second 6 months — a total of A
C2.25, giving us an extra
A
C0.25 with just a single change!

Figure 2: 50% interest credited after each 6 month period
The above example can be related back to our growth formula. The split that occurs halfway
through the time period means that in reality we are dealing with two time periods instead of one.
Our interest rate remains 100%, but now it is split across time periods so we divide by that number
of periods.
Growth = (1 + 100%/2)2 = A
C2.25
Were we to try the experiment again with 3 splits, we would see an additional increase in our total
return.
Growth = (1 + 100%/3)3 = A
C2.37
From here it should be clear that the greater the number of times that we compound the interest
on our account the greater the overall return will be, albeit with a diminishing level of return each
time. Consider Table 1 below which shows the value of return for the number of splits per year.
As we can see from the table, the greater the number of splits the higher the return, but with each
additional split the marginal increased return lessens. Once we get to a very large number of splits
the figure stabilises around 2.718. With a growth rate of 100%, where the dividend of interest after
each split starts earning interest itself, e is the maximum possible growth, when compounding over
one time period. In mathematical terms we can think of e as
n

1
e = lim 1 +
n→∞
n
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Table 1: Different returns dependent on number of splits
One of the particularly useful aspects of this formula is that we can adjust to different interest rates.
For example, say we have an interest rate of 50%. This would change our equation to
n

0.5
= 1.64
(1)
Growth = lim 1 +
n→∞
n
What is then particularly interesting is if we consider our original 100% scenario, after a period of
6 months, i.e. half a time period, rather than a year, well it’s just half the number of splits.
n

1 2
(2)
Growth = lim 1 +
n→∞
n
Now

lim

n→∞

1
1+
n

 n2

n  12
1
= lim
1+
n→∞
n
n  12


1
= lim 1 +
n→∞
n


1

= e 2 = 1.64
The result is the same. That is, the growth from having a 50% rate for the full time period is
equivalent to having a 100% rate for half the time period!
1
That is we can interpret e 2 as
1

1

e 2 = e 2 ×1
1

= e1× 2
So it appears that within the definition of e and the properties of exponents and of limits, we can
derive the impact of both the growth rate and the time period simultaneously!
Growth = erate.time
The general versions of the expressions in equations (1) and (2) are

r n
lim 1 +
n→∞
n

nr
1
lim 1 +
n→∞
n
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nr
r n
1
Table 2: Comparing values of 1 +
and 1 +
n
n


A table of their values is shown in Table 2 for increasing values of n. Looking at the values of each
of the expressions we can see that for small values of n (with r = 0.5) the two expressions are
different but as n increases there is a convergence. Incidentally regular readers of the newsletter
will recall an article [1] in last year’s edition by Ciarán Mac an Bhaird which showed how Euler
established that

r n
= er for large values of n, i.e. as n → ∞.
1+
n
Given a return rate of r and over a time period t, the net compound growth will be ert . Thinking of
e in this way allows us to consider the similarly esoteric natural logarithm in a more intuitive way.
ln(x) = loge (x)
If the rate of return, r = 100% then the natural log will describe the amount of time needed to
obtain a certain level of growth. It is often described as natural due to the base e, which is the rate
of growth observed universally.
Growth = ert
ln(Growth) = rt = t when r = 1
t = ln(Growth) when r = 1
In the more general case
rt = ln(Growth)
ln(Growth)
t=
r

Reference
1. Ciarán Mac an Bhaird, (2018). Students’ Positive Engagement with Euler’s Mathematical
Demonstrations, IMTA Newsletter, (116), 44–48.
Cian O’Loughlin

(Cian works as a data scientist in Toronto, Canada).
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Report on Maths Counts 2019
The Professional Development Service for Teachers (PDST) Maths Counts Conference 2019 took
place in Athlone Institute of Technology on Saturday, April 6th . The programme for the day
comprised an interesting mix of guest speakers, PDST Lesson-Study workshops, teaching and
learning workshops, poster exhibitions and exhibitor displays. The keynote address was provided
by Jeremy Hodgen, Professor of Mathematics at University College London Institute of Education.
He gave an overview of research into what makes for effective mathematics teaching and learning
before asking attendees to consider common problems which students have in algebra and the root
causes of these problems. Professor Hodgen then looked at the potential for formative-assessment
practices for supporting student learning and pointed to the importance of teacher collaboration
and reflection in developing expertise in these practices if they are to be of benefit to students’
learning. Professor Hodgen closed his address by encouraging attendees to be “thinking teachers”.
Following on from the keynote address, attendees had the opportunity to discuss teaching and
learning of mathematics with teachers who participated in the PDST’s Lesson-Study programme.
Lesson Study is recognised internationally as professional development with the potential for
supporting teachers in developing their craft. A Lesson-Study cycle involves teachers coming
together in small groups to develop a shared understanding of what makes for effective teaching
and learning of mathematics. This understanding is developed through the design of a single
research lesson which focuses on a key mathematical concept. In designing this lesson, teachers
are asked to understand an array of issues which inform their teaching, including:
• How their schools’ SSE (School Self-Evaluation) priorities relate to the teaching and learning of mathematics
• Common problems experienced by students in learning mathematics, the root cause of these
problems and potential solutions
• How the chosen mathematical concept relates to prior learning (including learning at primary
level) and how it supports learning of other areas of mathematics
• How the chosen mathematical concept fits into a larger unit of learning
• How to use a problem-solving approach when introducing a new mathematical concept
• How to assess students’ work and use effective questioning to support deeper understanding
• How to facilitate whole-class discussion to support the goals of the lesson
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A single Lesson-Study cycle involves five planning meetings, followed by the teaching of the
research lesson. The research lesson is attended by all members of the research group so that
students’ approaches to learning may be observed. A post-lesson discussion is held immediately
after, where students’ learning is analysed and reflected upon.
All Lesson-Study groups produced two artefacts of their work — a lesson proposal which details
the entire planning, teaching and reflection process and a poster which summarises same.
Attendees at Maths Counts 2019 had the opportunity to browse the poster displays of all research
groups and to discuss the research with a teacher from each group. A number of lessons were chosen for presentation as workshops where attendees got a more in-depth presentation of the research
and had the chance to question all members of the research group. In a new development, some
workshops also had input from school principals, on the impact of Lesson Study in developing
teaching and learning in their school.
The afternoon session comprised a selection of PDST teaching and learning workshops which
were facilitated by PDST advisors. These workshops looked at individual areas of mathematics
including calculus, geometry, complex numbers and financial mathematics, and approaches which
support students’ understanding of these. A separate workshop which provided teachers with
hands-on experience of using GeoGebra for teaching mathematics was very well received. In
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another new development, two workshops focused on teaching and learning of fractions and
probability at upper-primary level.
The conference closed with an address by Shane Flanagan, team leader of Junior Cycle for Teachers mathematics. Shane provided an update on the roll-out of the new mathematics specification
with an emphasis on the use of classroom-based assessments to support student learning.
All materials presented at Maths Counts 2019 are available through:
https://www.projectmaths.ie
or at the following page: https://tinyurl.com/mathscounts19.

Stephen Gammell

Team Leader PDST Post-Primary Mathematics Team
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√

2

Many familiar objects around us contain mathematical properties that we may not be immediately
aware of. In this article I shall look at some of those that are constructed with a connection to the
square root of two.

1 – A sheet of paper
The first object we consider is the sheet of paper that is now in common use in most parts of the
world. That is the A4 size page. People are usually aware that if a sheet of A4 paper is folded in
half (across its longer side) then the resulting half-page is an A5 measure and its side lengths are
in the same ratio to each other as those of the A4 sheet. Similarly, two A4 sheets placed side by
side will cover an A3 sheet whose side lengths again bear the same ratio to each other as did the
lengths of sides of either the A4 or the A5.
This relationship of ratios can only happen when

√

2 is involved which can be shown as follows:

Figure 1: A sheet of paper (A) and half that sheet of paper (B)
Consider a rectangular sheet of paper, labelled A. Let a and b be the lengths of the sides. The ratio
of the lengths of sides is a : b.
Cut across the sheet at the midpoint of the side with length a to produce two smaller sheets of
a
paper. Consider one of these sheets, labelled B. The lengths of the two sides are b and . We wish
2
a
the ratios of sides of both sheets of paper to be such that a : b = b : . This means that:
2
a
b
∴ a2
a2
Hence 2
b
a
or
b
√
a
Equally, we can say that a = b 2 or b = √
2

2b
a
= 2b2
=

=2
√
= 2
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The largest of the sizes of sheets of paper in the A-series is the A0 which has an area of 1m2 . To
find the lengths of sides we must solve ab = 1 m2 = 1 000 000 mm2 = 106 mm2 .
a
Using b = √ we have:
2
a2
a
a. √ = √ = 106
2
2
√
2
⇒ a = 106 2
√
√
4
4
⇒ a = 103 2 = 1000 2
√
√
1000 4 2
1000 4 2
1000
∴b= √
= √
2 = √
4
4
2
2
2
Hence, a = 1189.207115 mm and b = 840.8964153 mm. The dimensions for the A0 sheet are
841 mm by 1189 mm (rounded to the nearest mm).

Figure 2: Any sheet from the A-series of paper has sides in the ratio 1 :

√

2

An Examination of the Pattern of Side Lengths
By studying the pattern of lengths of sides we can establish a formula for the length of a side
related to its A-number.
1

We have established that the length of the longerside of an A0-sheet
 is a = 1000.2 4 mm
− 14
− 12
and the shorter side length is b = 1000.2 mm with b = a.2
.
The pattern of lengths of sides can be set out in the following table:
A-value
0
1
2
3
4
5
...
Longer
side
length: x

a.20

Shorter
side
length: y

a.2

−1
2

a.2

−1
2

a.2

−2
2

a.2

−2
2

a.2

−3
2

a.2

−3
2

a.2

−4
2

a.2

−4
2

a.2

−5
2

n

a.2

−5
2

a.2

−n
2

1000.2 4 − 2 or
−(2n−1)
1000.2 4

a.2

−6
2

a.2

−(n+1)
2

1000.2 4 − 2
or
−(2n+1)
1000.2 4
or
−1
n
1000.2 4 − 2

Table 1: A table of the pattern of lengths of sides in the A-series of paper

1

n

1

(n+1)
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Conveniently, a division by 4 of the A0 dimensions will give the dimensions of the A4 sheet since
the longer side will be:
1

4

x = 1000.2 4 − 2
1

= 1000.2 4 .2−2
1189.207115
=
= 297.3017788 mm
4
and the shorter side will be:
y = 1000.2

−1
− 42
4
−1

= 1000.2 4 .2−2
840.914653
=
= 210.2241038 mm
4
These are rounded to 210 mm × 297 mm for the usual A4 sheet measurements.
In reverse, the sides of the A0 sheet are approximately 4 times longer, respectively, than the sides
of an A4 sheet. It requires 16 sheets of A4 paper to cover this area of 1 m2 , neatly illustrating the
principle that the factor increase in area is the square of the factor increase in length.
All the dimensions of the A-series are given in whole numbers of millimetres as follows:
Size Width (mm) Length (mm)
A0
841
1189
A1
594
841
A2
420
594
A3
297
420
A4
210
297
A5
148
210
A6
105
148
A7
74
105
A8
52
74
A9
37
52
A10
26
37
Table 2: A table of the A-series sizes of paper
Some Background
This arrangement of paper size was first explored in 1786 by Georg Lichtenberg in Germany. It was
introduced to France during the French Revolution of 1789 by Lazare Carnot. It was eventually
adopted as a national standard by Germany in 1922 and spread thereafter to most countries in the
world coming to Ireland and the UK in 1959. It was adopted as an International Standard (ISO) in
1975 but not by the USA and Canada.
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No. 2 – Music Scales
√
In any situation where doubling is involved we expect to find use of 2. Doubling occurs on a
music scale when we go from a given tone to the same tone an octave higher. The musical interval
of an octave occurs when the frequency of the sound is doubled or halved. This can be examined
on the string of a guitar by plucking an open string and then pressing a fret to halve its length
and plucking it again. Guitars are constructed so that this occurs on the 12th fret to allow for 12
half-tones in the octave.
Ratio and Harmony
The ratio of lengths which produces the musical interval of an octave is 2 : 1, lower to higher in
tone. In other words, the tone becomes an octave higher when the string length is halved.
When we move along musical intervals on a keyboard we may tend to think of the intervals as
being additive. For instance, starting with C we may add on tones or semi-tones until we complete
the interval of an octave. Further additions bring us to higher octaves. However, in terms of
frequencies it works by multiplication and similarly for the ratios involved. The frequency for
Middle C is 261.63 Hz and the frequency for C one octave higher is 2 × 261.63 = 523.25 Hz
(corrected to 2 decimal places in each case).
The ratio for one octave is 2 : 1, for two octaves 4 : 1, for three octaves 8 : 1, etc. That is, for each
octave we multiply by 2. In fact, for the addition of any two musical intervals their combined ratio
is given by the multiplication of the individual ratios. For instance, in order to combine a Fifth (the
ratio which produces the fifth whole note within an octave of the Western music scale and which
Pythagoras considered to be the most harmonious of intervals other than the octave) and a Fourth
(similarly, the ratio which produces the fourth whole note and also beloved of Pythagoras) we must
combine the ratios 3 : 2 and 4 : 3. The result is (3 × 4) : (2 × 3) which is 12 : 6 or 2 : 1, an octave.
Historically, Pythagoras was one of the first to produce a theory of music which connected the
harmonious sounds produced by different lengths of string to the mathematical ratios of those
lengths. He believed in only using a limited range of whole number ratios and mathematical
averages to construct harmonies. For instance, the Perfect Fifth resulted from calculating the
Arithmetic Mean of the octave ratio 12 : 6 (rather than 2 : 1 which gives fractions) giving the
average 9 : 6 which can be written as 3 : 2. Similarly, the Perfect Fourth resulted from calculating
the Harmonic Mean of the octave ratio 12 : 6 giving 8 : 6 or 4 : 3.
12 + 6
a+c
. Hence b =
= 9.
The Arithmetic Mean, b, of a and c is given by b =
2
2
2ac
2 × 12 × 6
The Harmonic Mean, b, of a and c is given by b =
. Hence b =
= 8.
a+c
12 + 6
Unfortunately, Pythagoras’ other favourite mathematical average, the Geometric Mean, produces
the midpoint of the octave which
he considered
Mean,
√ discordant.
√ The Geometric
√
√ b,
√ to be quite
√
of a and c is given by b = ac and so b = 12 × 6 = 72 = 6 2 giving 6 2 : 6 or 2 : 1
when reduced by 6 octaves. In the familiar scale of 12 semitones it covers 6 semitones or 3 whole
tones and is known as the tritone.
√ (By√adding two of these intervals (multiplying the ratios) we can
produce an octave because ( 2 : 1)( 2 : 1) = 2 : 1.)
Before the modern era the tritone was often avoided and earned the title ‘diabolus in musica’ or ‘the
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devil in music’. Nowadays, the tritone, which is also known as a Diminished Fifth or Augmented
Fourth, appears in many well-known pieces and is appreciated for the strange and plaintive feelings
that it can generate. To experience its effect play the note C together with F] on a piano or play the
note B together with F.
Ratios and Frequencies
In terms of sound frequencies the agreed setting for A is 440 Hz. (This was set by the International
Organisation for Standardisation in 1975, a repeat of their 1926 decision. This is the A above
Middle C on a piano which has 88 keys and is referred to as A4 since it completes the fourth
octave of harmonics of A.) The frequency for A5 is 880 Hz, 1760 Hz for A6 and so on. To find the
frequencies for the other piano keys we could use the Pythagorean (ie. Whole Number) ratios and
set them accordingly. For instance, E5 is a Fifth above A4 , and its frequency will be 3 : 2 times 440
which is 660 Hz. However, E5 is not tuned to that frequency on a piano, but to 659.26 Hz, within an
intonation system which differs from Pythagorean Intonation and is called the Equal Temperament
Intonation system.
Equal Temperament Intonation
The Equal Temperament Intonation system used for keyboards takes the octave and it splits it into
1200 equal parts, that is, equal ratios. These are known as cents. Looking at the ratio between any
two frequencies, f2 and f1 , which are an octave apart we see that it is
f2 = 2f1 or

1200
f2
f2
= 2. That is,
= 2 1200 .
f1
f1

When the octave is divided into 12 equal parts, which are the tones and semi-tones on a keyboard,
then each note interval is equally spaced at 100 cents from the next. The frequency of any note
1
1
is 2 12 times the√frequency of the previous note; ie. fn+1 = 2 12 fn . So, the notes on a piano are
connected by 12 2.
With the use of cents it is easy to construct the tritone. It must fall at 600 cents from the tonic since
adding two of these intervals gives 1200 cents, the octave.
[ That is: √
the geometric mean of two tones an octave apart with frequencies (f, 2f ) is:
p
6
600
1
2
2f = 2f = 2 2 f = 2 12 f = 2 1200 f. Ed. ]
An Exploration: The Pythagorean Comma
It may be worthwhile to examine what Equal Temperament Intonation does.
Supposing that a fundamental tone is increased by a successive number of fifths, that is, successive
multiplications or powers of the ratio 3 : 2. Let us use 12 of these ratios to produce the interval
312 : 212 . Where will this be on a piano? Starting with A4 , say, we can move up the keyboard in
fifths or in sets of 7 semi-tones. The final tone will be 84 semi-tones higher, which is 7 octaves
since an octave has 12 semi-tones. So we end up at A again. But can this be correct? We remember
that an octave is given by the ratio 2 : 1. Then we are saying that 27 : 1 is the same as 312 : 212 . A
small amount of calculator work will show that this is not true:
312 : 212 = 129.7463 : 1
whereas 27 : 1 = 128 : 1
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312 27
This very small difference,
÷ , gives the ratio 129.7 : 128
212
1
which is known as the Pythagorean Comma and it troubled musicians and mathematicians for
many centuries. Fortunately, the invention of logs helped smooth the path and eased the invention
of the Equal Temperament system.
fb
c
= 2 1200 gives the ratio of any two frequencies, fb and fa , which are c cents apart.
fa
Thus, using logs, we can find a formula for the number of cents between any two frequencies, f2
and f1 :
We see that

c
f2
= 2 1200
f
 1
c 
f2
c
Log
= Log 2 1200 =
Log 2
f1
1200
 
f2
1200 Log
= c Log 2
f1
 
1200
f2
∴ N umber of cents, c =
Log
Log 2
f1
 12
3
Moving up 12 Perfect Fifths from A4 (440 Hz) we get 440 ×
= 57088.38867 Hz while
2
moving up 7 Octaves from A4 gives 440 × 27 = 56320 Hz. The ratio of the frequencies converted
to cents is:


57088.38867
1200 Log
56320
= 23.46001 cents
Log 2

which is the Pythagorean Comma in cents. The work of the Equal Temperament Intonation system
is to spread this comma evenly throughout the keyboard.
Although the whole number ratio of 3 : 2 gives a perfect harmony it does not easily facilitate key
changes. The use of Equal Temperament facilitates changes or transpositions of key and forms the
basis of piano tuning today. In other words, many of the harmonies created on a piano are designed
to be slightly non-harmonic.
Perfect Fifth v Equal Tempered Fifth
We can also individually examine the slight difference between the Pythagorean Perfect Fifth and
the Equal Tempered Fifth. On the Equal Tempered Intonation the Fifth interval is exactly 700
cents. Moving a Fifth from C4 , G4 is found by the calculation:
7

f2 = 261.6255653 × 2 12 = 391.995436 Hz.
7

The ratio of G4 to C4 is 2 12 : 1 which is approximately 1.498307077 : 1.
Pythagoras created a Fifth using the ratio of 3 : 2 or 1.5 : 1.
For this system, in relation to C4 , we get:
G4 =

3 × 261.6255653
= 392.438348 Hz
2

IMTA Newsletter 117, 2019

Page 43

The difference between both G notes is the ratio 392.438348 : 391.995436 which converts to cents
as


392.438348
1200 Log
391.995436
= 1.955001 cents or approximately, 2 cents.
Log 2
This is below the level of difference detectible by the human ear which is put at 5 cents and is
known as the Just Noticeable Difference and so we are happy to use Equal Tempered Fifths rather
than Perfect Fifths on a piano even though they are slightly out of tune.
Historical Background
Historically, exact calculations of equal temperament are associated with Zhu Zaiyu, a prince of
the Ming court, in 1584 and, independently, Simon Stevin in Europe in 1585.
Galileo’s father, Vincenzo Galilei (c. 1520–1591), composed works based on 12-tone equal temperament and equal temperament was generally favoured during the Baroque era (c. 1450–c. 1800).
The division of the octave into cents was done by Alexander Ellis (1814–1890, neé Sharpe, who
was also a prototype for Professor Higgins in Pygmalion by George Bernard Shaw!) following
work done by Gaspard de Prony in the 1830s.

No. 3 — Camera Stops
When used in relation to taking pictures with a camera the word ‘stop’ essentially means ‘double’
or ‘half’. Twice as much light enters a camera when the camera goes a ‘stop up’ or half as much
light when the camera goes a ‘stop down’.
A number of different settings affect the light which enters a camera. The three main ones are the
ISO setting, the shutter speed and the aperture of the lens. Changes in each one can be described
in terms of stops. In the case of the aperture of the lens the descriptions are referred to as f/stops
which is where our interest lies in this article. The ‘f’ refers to the focal length and the stops refer
to changes in the amounts of light which are allowed to enter. The numbers given for f/stops are
1, 1.4, 2, 2.8, 4, 5.6, 8, 11, 16, 22.
By changing the f/stop from 4 to 2.8, say, we allow twice as much light to enter the lens. Confusingly, this is a ‘stop up’ of light although the f/stop number goes down.
We could ask, what are the next two numbers in the sequence? We may notice the pattern 1, 2, 4,
8, 16 for every second number and, obviously, these
√ are powers of 2. A little further observation
will show us that all the numbers are powers of 2.
We have

√

√
√
√
√
√
√
√
√
√
21 , 22 , 23 , 24 , 25 , 26 , 27 , 28 , 29
√
√
and the next ones must be 210 and 211 which are 32 and 45. The numbers on a camera are
given close to the calculated numbers for easy memorisation.
20 ,
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The numbers given to 3 decimal places are:
1, 1.414, 2, 2.828, 4, 5.657, 8, 11.314, 16, 22.627, 32, 45.255, 64, 90.51, 128
whereas on a camera they are given as:
1, 1.4, 2, 2.8, 4, 5.6, 8, 11, 16, 22, 32, 45, 64, 90, 128.
Other intermediate values can also be given for various fractions of stops.
The formula for the f/stop number, N, is simply:
f
where f = focal length and d = diameter of the lens.
d
f
Thus, also, d =
N
N=

so the f-stop number quickly tells us what is happening to the diameter of the lens as we move
through the f-stops written on the camera — as the f/stop numbers get higher the diameter is
reducing. So, to get more light entering (‘stopping up’ the light) we must move the f/stop to lower
numbers. For instance, moving the f/stop down by two notches brings in four times as much light.
By looking at the calculation for area of the aperture it is easy to see why it happens in this way.
Since Area = πr2 a change from r to 2r will give an area π(2r)2 = 4(πr2 ) which is 4 times bigger.
√
2
If, instead, we wish
to
get
an
area
which
is
twice
as
large
as
πr
then
r
must
be
changed
to
2r
√
so that we get π( 2 r)2 which gives 2(πr2 ).
Traditionally, the f/stop is indicated by the letter ‘f’ with a stroke which is a reminder of the division
properties involved. However, nowadays, the stroke is usually omitted.
The main effect of changing the aperture of the lens is to change the Depth of Field of the exposure.
This shows up as blurring in the foreground and background of a photo, known as bokeh (Japanese
for blur). Turning the f/stop down gives a shallower Depth of Field and increases surrounding
blurring; turning the f/stop up gives a deeper Depth of Field and gives better results for large group
photos and landscapes.

A Selection of Sources:
https://en.wikipedia.org/wiki/Square_root_of_2
https://en.wikipedia.org/wiki/Equal_temperament
https://www.jstor.org/stable/20174527?seq=1#page_scan_tab_contents
http://legacy.earlham.edu/~tobeyfo/musictheory/Book3/home3.html
http://www.sethshafer.com/pdf/dividing_spaces.pdf
https://en.wikipedia.org/wiki/F-number
https://expertphotography.com/understanding-fstops-stops-in-photography-exposure/
https://www.picturecorrect.com/tips/what-are-stops-in-digital-camera-settings/

Neil Hallinan

Dublin Branch
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On the Difference of Two Squares
In this article we will look at developing the formula for factorising the difference of two squares
by taking a geometrical approach. First we need to check some of the knowledge of students about
squares. Suppose we show them the following diagram and tell them that the sides of each figure
are all of the same length and the angles between adjacent sides are all right angles.

(a)

(b)

(c)

We ask them which of the figures are squares. Some of the responses may be:
• (a) only
• (a) and (c)
• (a), (b) and (c)
Some might think that (c) is a diamond from their primary school days and not identify it with a
square. Others, by thinking of it as a physical object, might think that (b) is unstable. If you were to
hang it from its upper vertex it would not keep its position. Neither would it if you tried to balance
it on its lower vertex. By giving students square-shaped physical objects such as algebra tiles and
getting them to rotate them into various positions they can see that the sides remain equal in length
and adjacent sides remain perpendicular to each other. Thus a square can have any orientation and
still remain a square.
Now we turn to developing the formula. We show them a square (and its interior) from which a
square opening has been cut as in Figure 1.

Figure 1: A square shape from which a square opening has been cut.
We ask: how would you find the area remaining after the opening has been cut out? We might get
responses like:
• You get the area of each square and subtract.
• You take the area of the opening from the area of the bigger square.
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• It’s the area of the big square minus the area of the small square.

Next we show them the same square shape with a square opening of the same size as in Figure 1
and ask about the area remaining. We expect them to recognise that the area remaining is the same
as before and ask for an explanation of why this is so.

Figure 2: The same square shape with a square opening of the same size as before.

In the next figure we show the same square shape but with the opening moved to the side (Figure 3).
Again we ask about the area remaining.

Figure 3: The same square shape with a square opening placed at the side.

At this stage hopefully they will realise that the opening can be both moved about and orientated
in different ways and still give the same area remaining.
The next stage involves some practical work. Using a page of squared paper we ask them to draw
the larger square (making it as big as the page will allow) and to decide where to place the opening
so that by making just one cut they can remove a strip and re-position it so that the remaining area
now forms a regular shape whose area they know how to obtain. Having made the decision they
then draw the opening and cut it out. Then they cut off the strip and, by experiment, place it so that
they have a regular shape. One possible position for the opening is shown in Figure 4 along with a
possible line of cut.
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Figure 4: A possible position for the square opening.
How many positions are possible? For each position how many lines of cut are possible?
The regular shape formed by placing the strip cut off is shown in Figure 5.

Figure 5: The regular shape obtained.
Could the strip have been placed elsewhere and still give a regular shape?
By getting some students to demonstrate their solutions the class get to see that there are a range
of possibilities for placing the opening, for making the cut and for re-positioning the strip. In each
case the regular shape obtained is a rectangle. So, informally, we could say that the difference of
two squares is a rectangle! More precisely, we can say that the difference of (the areas of) two
squares is (the area of) a rectangle.
The next step is to get the students to work out the dimensions of the rectangle (shown in Figure 5).
From their experimentation with placing the strip cut off, they might notice that the length of the
strip is the same as that of the now shortened side of the original square and equals the length of
the square less the length of the opening. So we expect them to obtain:
• The length is the length of the square plus the length of the opening, i.e the sum of the
lengths.
• The width or breadth is the length of the square minus the length of the opening, i.e the
difference of the lengths.
Verification
At this point the formula has been established in words. The class can verify it by each student
choosing a value for the length of the square and a value for the length of the opening and testing
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the formula. For example:
Length of square
Length of opening
Area of square
Area of opening
Difference
Difference of lengths
Sum of lengths
Area of rectangle

=9
=2
= 92 = 9 × 9 = 81
= 22 = 2 × 2 = 4
= 81 − 4 = 77
=9−2=7
= 9 + 2 = 11
= 7 × 11 = 77

By having some students demonstrate their calculations the class get to see that the result holds for
lots of different values.
Generalisation
If we ask the class: suppose we do not know the two lengths, can we still check our result? What
could we use for the lengths? We expect someone to tell us that we can use letters for the lengths.
We ask the class to choose a letter for the length of the square and another letter for the length of
the opening and repeat the calculations they did earlier with numbers. For example:
Length of square
Length of opening
Area of square
Area of opening
Difference
Difference of lengths
Sum of lengths
Area of rectangle

=x
=a
= x2
= a2
= x 2 − a2
=x−a
=x+a
= (x − a) × (x + a)

At this stage the class may run into a problem. They cannot do any further calculation with x2 −a2 .
But if we ask if anything can be done with (x − a) × (x + a) they may suggest that we can multiply
the two expressions. So the work proceeds:
(x − a)(x + a) = x(x + a) − a(x + a)
= x2 + ax − ax − a2
= x 2 − a2
So they find that x2 − a2 = (x − a)(x + a).
By having some students demonstrate their calculations the class can see that it works for any pair
of distinct letters.
Do we use (x − a)(x + a) or (x + a)(x − a)?
Because multiplication is commutative, (x − a)(x + a) = (x + a)(x − a), it doesn’t matter in what
order the product of the factors is written. But if we consider what students may encounter further
on in their study of mathematics is there an advantage in putting the difference factor first? Here
are two occasions where it might be advantageous.
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1. We have:
x2 − a2 = (x − a)(x + a)
x3 − a3 = (x − a)(x2 + ax + a2 )
x4 − a4 = (x − a)(x + a)(x2 + a2 )
In general (x−a) is a factor of xn −an . This can be proved by induction. Students encounter
this when asked to prove by induction that, for example, 4n − 1 is divisible by 3, i.e (4 − 1)
is a factor of 4n − 1n . So it seems that it is beneficial to write (x − a) as the first factor.
2. When differentiating, say f (x) = (2x + 4)2 , from first principles we have to work out
f (x + h) − f (x) as part of the process.
f (x + h) = [2(x + h) + 4]2 = (2x + 2h + 4)2
f (x + h) − f (x) = (2x + 2h + 4)2 − (2x + 4)2 ← difference of two squares
= [2x + 2h + 4 − (2x + 4)][2x + 2h + 4 + 2x + 4]
= 2h(4x + 2h + 8)
By putting the difference factor first it makes it very obvious that the expression is divisible
by h, which is required in the next step of the process.
Michael O’Loughlin

Clare/Limerick Branch
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Report on MathsFest 2018

MathsFest 2018 took place in the Castletroy Park Hotel, Limerick, on the 19th and 20th October
2018. It was hosted by the Clare/Limerick branch of the IMTA and proved to be an overwhelming
success with all 100 tickets booked out a week in advance of the event.

The event kicked off on Friday evening with the Fr. Ingram Memorial Lecture by Dr. Fiacre Ó
Cairbre, Maynooth University, on “Beauty and Freedom in the History of Mathematics”. Dr. Ó
Cairbre has published papers including “A Resource for Transition Year Mathematics Teachers”
and “Mathematics education and the public’s interaction with the Hamilton story” and he gave a
highly entertaining talk on the history of mathematics.
On the Saturday morning, Merrilyn Goos, UL, was
the first speaker with the highly relevant topic “Why
teachers matter in times of mathematics curriculum reform”.
Merrilyn is Professor of STEM Education
and Director of EPI*STEM at the National Centre
for STEM Education, at the University of Limerick,
Ireland.

Figure 1: Merrilyn Goos
This was followed by a very popular talk by Aedamar
Frawley, Grange Vocational School, Sligo, and Stephen
Eustace, St. Joseph’s Secondary School, Rochfortbridge, on
“Using Microsoft Surface/IT in the classroom”. Aedamar Frawley is a CT Digital Key Skills
& Maths Associate, Microsoft Educator/Trainer and Mathematics & English Teacher in Grange
Vocational School.

She was ably accompanied by Stephen Eustace who
is also a Microsoft Educator and a teacher of
Mathematics & Accounting. Stephen is “passionate
about the impact that ICT has on education and,
in particular, the power of OneNote to make every
lesson”. Aedamar and Stephen demonstrated practical
teaching tools like how to use the Ruler and
Graphing feature in OneNote and how to help
students with questions while you keep teaching your
lesson with the Replay function. Their interactive
demonstration of the Flipgrid app was also very
Figure 2: Aedamar Frawley & Stephen
engaging.
Eustace
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Figure 3: Aidan Fitzsimons on nurturing problem-solving abilities
Next was Aidan Fitzsimons, DCU, who gave a talk on “Nurturing the problem-solving abilities
of high achieving second level students”. Aidan Fitzsimons currently works at the School of
Mathematical Sciences, Dublin City University. Aidan does research in Mathematics Education
and his talk was an essential reminder of how central the whole area of Problem Solving is to
the new mathematics curriculum. In his own words “A problem is a situation that confronts the
individual that requires resolution, for which no path to the answer is readily known”. He had
some very practical techniques for teachers trying to incorporate this aspect of the mathematics
curriculum into their classes.
Here’s a sample problem from his talk: A certain village in Jacobean times had all the valuables
locked in a chest in the church. The chest had a number of locks on it, each with its own individual
and distinct key. The aim of the village was to ensure that any three people in the village would
amongst them have enough keys to open the chest, but no two people would be able to. How many
different locks are required and how many keys?
Niamh O’Meara, UL, also gave a very
informative presentation on the “Issues affecting the transition from primary to post
primary mathematics”. Niamh has a PhD
in Mathematics Education and an MSc
in Mathematical Modelling.
She is currently a lecturer in Mathematics Education,
UL. Niamh gave an excellent presentation that included some comic relief in
the form of an old Abbott and Costello
clip where they struggle to divide 7 into
28!
Figure 4: Niamh O’Meara

The talk by Shane Flanagan, Junior Cycle for
Teachers (JCT) Team Leader for Mathematics, on “Junior Cycle Maths developments” was highly
anticipated by all teachers present and was very informative. The IMTA were very thankful to
Shane for attending and his patience in addressing teachers’ concerns during the Q & A session at
the end was much appreciated.
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Pam O’Brien, LIT, and Neil Butler, North Wicklow Educate Together Secondary School, gave
the concluding presentation on “Learning by Making”. Pam is a Mathematics and Programming
Lecturer in LIT with a passion for integrating technology in education. She is an organiser of the
ICT in Education conference.
Neil Butler describes his interests as “Maths,
IT, Applied Maths, Game-based learning,
Geogebra, Occasional Musician”.
This
was a very entertaining talk which included topics such as Modular Origami
“Fidget Spinners” and a hands-on session
where teachers got to make 3D objects
with bags of rice and strips of paper and
sticks!
We would like to thank all the presenters and
exhibitors and all the teachers who attended
who helped to make Mathsfest 2018 such a
Figure 5: Pam O’Brien & Neil Butler
success. Thanks also to Aeron and the team
at the Castletroy Park hotel for providing such an excellent venue. We would also like to thank
the Clare/Limerick IMTA committee (Seán Murphy, Lorraine McInerney, Ciara Nic Mhathúna &
Jack Neylon) for all their hard work in organising the event and, also, Sarah Power and Margaret
Neylon who were a great help on the day. Finally, thanks to Brendan O’Sullivan and all in the
IMTA for their advice and support throughout.

Figure 6: Teachers working on the 3D challenge
Seán Murphy, Chairperson Clare/Limerick Branch
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How Mathematics was taught 120 years ago
While searching online for something else I came upon a book [1] about the teaching of mathematics in the higher schools of Prussia in the latter years of the nineteenth century. The author, Dr. J.W.A. Young, Assistant Professor of the Pedagogy of Mathematics in the University of
Chicago, had travelled to Prussia to investigate how mathematics was taught there. His reasons for
doing so are stated in the Preface:
The well-known fact that the Prussians have long been studying the problems of education systematically, thoroughly, and successfully, led me recently to spend nearly an
entire academic year in examining the outcome of their study as evinced in the present
status of the work of education in Prussia.
(p. v)
In the Introduction he points out that:
The teaching of mathematics in the higher schools of Prussia deserves the serious
attention of those interested in the teaching of mathematics in America, not only
because it is the fruit of long labors by a nation that has stood and still stands in the
forefront of educational progress, but also because a comparison between the work
accomplished in mathematics in Prussia and in the United States reveals a disparity of
a character so grave that American educators cannot afford to pass it by unheeded.
(p. 1)
He goes on to say:
The present study of the Prussian secondary school system was begun under the
impression (quite current in America) that, while the work of the Germans is perhaps
more thorough, it is accomplished with a greater outlay of time than is devoted to the
same subject-matter in this country. But comparison of curricula and time-schedules
reveals the startling fact (which will be substantiated in detail in the sequel) that in the
work in mathematics done in the nine years from the age of nine on, we Americans
accomplish no more than the Prussians while we give to this work about seven-fourth
(1.72) times as large a fraction of the total time of instruction as do the Prussians.
(p. 2)
He finishes the Introduction with:
The writer wishes to say at the outset that, while he believes that there is a real disparity
and that it ought to be lessened, he by no means advocates that the Prussian system
as such be adopted or imitated here. It does seem, however, that the indisputable
superiority which the facts mentioned above show the Prussian system to have in its
own environment, over the American system in its environment must oblige American
educators to study the Prussian system most carefully, especially along its lines of
divergence from their own. While the outcome of such study may be that little or
nothing is found which we can directly adopt, hints may perhaps be gleaned which we
may adapt to our own circumstances with signal profit. Education is more a problem
of humanity than of nationality, and while distinctively German methods might not
prove strong elsewhere, those results which the Germans have attained as men and not
as Germans must be of great significance the world over.
(pp. 3–4)
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Apart from the Introduction the book is organised into chapters on:
1. The general status of the Higher Schools
2. The Government
3. The Teachers
4. The Pupils
5. The Institutions
6. The Curricula
7. The Instruction in Mathematics
8. The Examinations
9. The Programm
10. The Reformschule
11. The Higher Education of Women
12. Comparison between German and American work
13. Conclusion
The topic of most interest to us is the instruction in Mathematics but first some background
information needs to be given. At the time there were two types of school in Prussia, the common
schools (Volksschulen) and the higher schools (höhere Schulen). The type of school attended
determined the types of occupations that could be taken up in later life. Those who attended the
higher schools could compete for occupations closed to those who attended the common schools
and those who attended the common schools had access to occupations that were (generally) closed
to those who attended the higher schools unless they were willing to lose their social status by
taking them up.
Dr. Young points out that since there was little Mathematics taught in the common schools he
would focus only on the Mathematics taught in the higher schools. He states:
In the Volksschulen the aim is to train good and faithful citizens; the process is
called Erziehung (“bringing up”). In the higher schools, on the other hand, the aim
is to impart learning and to turn out men who are educated or cultured (gebildet); the
process is called Unterricht (instruction) and leads to privileges and responsibilities
before the civil and the military law, and the unwritten social law as well. The higher
schools proper take the boys at the age of nine and have a curriculum covering nine
years; in many cases a preparatory school with a course of three years is connected
with the institution, so that a boy of six years may step into the work of a higher school.
···
The higher schools are divided into three types : the Gymnasium, with both Latin and
Greek ; the Realgymnasium, with Latin but no Greek ; and the Oberrealschule, with
neither Latin nor Greek.
(pp. 5–6, 7–8)
The reader will notice that at the time the higher schools were open to boys only.
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The pupils were classified into nine classes, each with a course of one year. The naming of
the classes used a count down system. The following table gives the name of each class, the
abbreviation used by the author for it and the average age of the pupils in it near the close of the
year.

IV
13.2

V
11.8

VI
10.7

For instance, a pupil first enters the Sexta class, then progresses to the Quinta class and so on.
The distribution among the various classes of the weekly hours allotted to mathematics in the
different curricula in 1891, appears in the following table:
VI
Gymnasium
4
Realgymnasium 4
Oberrealschule 5

V
4
4
5

IV
4
4
6

IIIB
3
5
6

IIIA
3
5
5

IIB
4
5
5

IIA
4
5
5

IB
4
5
5

IA
4
5
5

Total
34
42
47

The school day was generally from 8 a.m. to 1 p.m. and each lesson period was nominally of one
hour’s duration. Dr. Young describes it:
An interval of ten minutes intervenes between the ringing of the bell which terminates one exercise and the ringing which is the signal for the beginning of the next.
During each of these pauses the pupils are required to leave the room and take exercise
in the yard; if the weather is bad they remain in the corridors. A pupil remains in
charge of the books and clothing left in the classroom, and in each corridor and in the
yard a teacher exercises supervision, but otherwise all are free during the pause. It is
a period of relaxation and refreshment for all. Both pupils and teachers bring a supply
of sandwiches to be eaten in the pauses.
(p. 41)
The instruction in Mathematics
Dr. Young’s observations on the teaching of Mathematics are as follows:
The first thing which impressed me in the classwork, and that which remains finally
the most prominent characteristic, was that the teacher teaches. He does not “ hear
recitations; ” he does not examine the pupils to see whether or not they have learned
some assigned matter from a book; this custom seems happily quite a thing of the past
here. At times he imparts new knowledge himself, especially by way of definition
and introductory work, but most frequently he leads the pupils on by skilful questions
themselves to discover new truths. In the development of new propositions the teacher
guides the work, but the pupils suggest step by step what is to be done next.
Home-work and the study of books are very minor features; by far the heaviest
stress is laid on the class-exercise. Here, under the carefully planned instruction, under
the direct influence of the personality of the teacher, the progress is to be made. Private
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work and the study of text-books have simply the purpose of fixing in mind or giving
practice in that which is supposed already to have been learned.
The teacher is the source of the pupil’s knowledge and the authority on which he
builds. “What does the book say?” is a question never raised in a German school; in
all my visits, I heard no books referred to, except collections of exercises.
Whether it is best to train pupils to such marked dependence on personal, oral
guidance in the acquisition of knowledge is open to question. I am here and throughout
simply stating the facts as I found them without discussing their merits either when
regarded alone or in comparison with other systems. An educational system is far
better judged by the results it accomplishes under fair and sufficient trial than by any
quantity of theorizing about it. The results reached under the Prussian system will be
discussed later.
This is, however, the proper place to say that the Prussian system does produce
most excellent teachers. The thorough preparation which they are required to undergo
both in the scientific and the practical pedagogic lines tells distinctly in their work of
instruction. There were many remarkably strong teachers among those whose classes
I visited, and among them all there was only one that could be called unquestionably
poor.
If I were to describe the method of instruction taken as a whole by a single phrase,
I should say it is the “Socratic method”, the method of skilful questioning, of leading
the class on to the desired goal by a series of questions, each usually fairly easy to
answer in itself. Except in case of review-questions to refresh the memory or to recall
the material needed for the day’s work, the questions have a clear didactic purpose
and value, and generally give evidence of having been carefully planned. Every bit of
the hour’s work is vitalized by the teacher; there is not a minute when his voice is not
heard and there is also not a minute when his voice only is heard.
I was especially impressed with the general custom of dividing the work into very
simple steps, and of repeating each new fact established over and over until it seemed
that it must be embedded in the mind of the slowest, before going on to the proof of
the next. This is very distinctly characteristic of the German classroom. The questions
are very simple, often half suggesting the answer, but still leaving something for the
pupil to think out and add. One director, in praising his leading teacher of mathematics
most highly, said: “He hammers away and simply makes the pupils follow the work;
the secret is that he works for the slowest.”
It may seem that this mode of procedure is to the disadvantage of the brighter
pupils by holding them back to the pace set by the weaker portion of the class. Indeed, several German mathematicians have remarked to me upon the slowness of
the progress and have recalled how irksome this had sometimes proved to them as
pupils. The problem of how to care for the weak and the average pupil without holding
back the talented pupil to his detriment seems to be as far from solution in Prussia as
in America. If, however, the galaxy of mathematicians who have sprung from the
benches of the German gymnasia be taken into consideration, the question may well
be raised whether or not the retardation of the gifted pupils is in fact to their detriment.
The answers are always given in complete sentences, and clear and distinct enunciation is insisted upon. Every lesson in mathematics is thus more or less of a lesson
in German. Considerable stress is also laid upon the oral solution of easy exercises.
In review, quite complicated problems are thus proved. I heard, for example, boys

IMTA Newsletter 117, 2019

Page 57

about thirteen years old (Untertertianer) prove the Pythagorean theorem with no figure
whatever before their eyes. Different pupils did not use exactly the same lettering for
the figure. The teacher informed me that this was not a mere feat of memory, but that
the pupils could follow the proof on an imagined figure and that they enjoyed this kind
of work. I saw this in various forms in several classes, and the pupils enter into it with
considerable zest. Simpler new theorems are also proved orally, in some cases with
the figure on the board; in others the figure was constructed and all were allowed to
take a good look at it and fix the image in mind, when the figure was erased before the
proof was begun.
Work in concert is effected in the Diarium or exercise-book. Some exercise is
dictated by the teacher; the pupils work it simultaneously, one reading as he works;
the same pupil reads only one or two steps, so that quite a number are called on before
the exercise is finished. The reply which the pupil makes seems to be the only means
which the teacher has of determining in how far each pupil has worked along with the
others and understood the step taken. The exercise-books are not usually inspected
either during or after the classwork. Sometimes the teacher or a pupil works on the
board, the others working along on paper, or looking on and dictating in response to
the questions of the teacher; sometimes the teacher works on paper with the class;
sometimes he has the exercise in hand, already worked out. Sometimes the result
found is discussed, reformulated by members of a class until a satisfactory form is
reached, and then copied as a theorem for future use. The “Diarium method” could
readily be adapted to work at the board by the whole class in concert.
Whether working in the Diarium or at the blackboard, the pupils are trained from
the very beginning to read aloud distinctly what they write as they write it — to “chalk
and talk”.
(pp. 53–59)
Dr. Young describes a lesson in Algebra:
The following lessons may illustrate some of the characteristics of the instruction
that have just been described. The first, a lesson in algebra, is taken from my notes
of a class visit, while the second, a lesson in geometry, is a model for the study of
beginners, set up in a German work on the teaching of mathematics1 .
The algebra lesson was given in Untertertia, the first year in which algebra is
taught, the minimum age of the boys on entrance into this class being twelve years.
First, the following problem from the book of exercises in algebra used in this class
was taken up.
x
x x x x x
− + − + +
= 11.
To solve:
2 3 4 6 8 12
All wrote the problem, one (John, say) reading aloud as he wrote and adding: “We
seek first the common denominator.”
Teacher. “ How do we do that? By a rule? ”
John. “ No, by inspection. ”
Teacher. “ Right. What is the common denominator? ”
John. “ Twenty-four. ”
Teacher. “ Right. What do we do next, Henry? ”
Henry. “ We multiply both members by twenty-four. ”
Teacher. “ What is the result, William? ”
1

Reidt Anleitung zum mathematischen Unterricht an höheren Schulen, 1886, p. 31 et seq.
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William reads as all write: 12x − 8x + 6x − 4x + 3x + 2x = 264.
Teacher. “ What do we do next, Karl? ”
Karl. “ We unite the terms in the left member. ”
Teacher. “ What is the result, Fritz? ”
All write as Fritz reads and writes: 11x = 264.
Teacher. “ What do we do next, Peter? ”
Peter. “ We divide both sides by 11. ”
Teacher. “ What is the result? ”
Peter reads and all write x = 24.
A problem just like this was worked similarly, and then, as this was one of the days
on which home-work in mathematics is to be assigned to this class, three problems
of precisely the same nature were assigned by page and number from the book of
exercises for home-work, viz. :
2x
5x 6x 1
3x
+9=
+4+
−
+ .
2
3
6
5
5
1
1
1
1
2 x − 3 x + 5 x − 3 x + 1 = x.
3
2
3
5
2
x
1
1
1
2 x+ =2 +x−4 x+5 .
3
3
2
5
4

x−

This constituted the entire assignment for home-work.
Next, the following problem was taken up, all writing and one reading as usual.
1
2
(7x − 10) − (50 − x) = 20.
3
2
Teacher. “ What doesn’t please us here? ”
Various pupils raise hands and reply as called on by the teacher.
“ The parentheses. ”
“ The known numbers on the left. ”
“ The fractions. ”
Teacher. “ Which shall we remove first? ”
The pupils express different opinions. The teacher points out that the most practical order must be determined in each problem — “a matter of feeling” and then
indicated that in this problem it would be easiest first to remove the fractions, then the
parentheses, and then to rearrange and solve. All of this was carried through step by
step as in the previous case.
Then oral work was taken up. First, the expansions of (a + b)2 and (a − b)2 were
rehearsed both as formulae and in words, and then a number of exercises were given,
the teacher writing on the board and the pupils reading the results as called upon to do
so. Very easy exercises were given at the beginning while those at the close were of
the difficulty of the following :
(x4 − 2y)2 ; (5x2 z + x)2 ; (a2 + b7 )2 ; (x − x4 − 2y)2 .
Then the formulae for (a + b)3 and (a − b)3 were deduced and repeated a number of
times, and the hour came to a close.
(pp. 60–64)
A description of the Geometry lesson now follows:
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The geometry lesson is supposed to be given to the class Quarta, in the first year’s
study of geometry, the minimum age for admission to this class being eleven years.
“The teacher draws a triangle ABC upon the board, and then questions the pupils
somewhat as follows, the pupils being called on singly by name in as lively alternation
as possible :
How many angles has a triangle ?
Name an angle of the triangle ABC. A second. A third.
The teacher draws and defines an exterior angle, CAD.
Who can draw another exterior angle? (Done repeatedly by various pupils.)
How many exterior angles can be drawn at one vertex of the triangle ?
How many exterior angles can be drawn altogether ?
What are two exterior angles at the same vertex called with regard to each other ?
What therefore do we know as to the magnitude of these two angles ?
How many exterior angles differing in size can a triangle have at most ?
Why is it customary to speak of only one exterior angle at each vertex of a triangle ?
In view of this custom, how many exterior angles would a triangle be said to have ?
For convenience, the letter at any vertex shall be used to denote the interior angle and
the letter primed the exterior angle at that vertex.
The notion of adjacent angles is supposed to have been explained earlier in the course.
What are an interior angle of a triangle and its adjacent exterior angle called with
respect to each other ?
What theorem holds for two such angles?
We wish now to compare the magnitude of an exterior angle with that of the two nonadjacent interior angles. For this purpose, we regard AC and CB as two non-parallel
straight lines cut by a third, BA; the last produced forms the angle CAD or A0 .
In what position are A0 and B with respect to each other? Likewise A0 and C ?
Can therefore A0 = B, or A0 = C ?
To compare the magnitudes of the angles we draw AE parallel to BC and divide
A0 into the angles CAE and EAD, which angles we call x and y respectively.
Since AE is parallel to BC, there is another angle in the figure equal to y; what is it ?
Why are y and B equal ? Which are the parallels and which is the secant line ?
The teacher marks the equal angles with the same mark.
Is there also another angle in the figure equal to x ? What is it ? The teacher also marks
these equal angles with the same mark, different from that used with the previous pair.
Why are these two angles equal ? Which two lines are now the parallels ? Which the
cutting line ?
Since y = B, and x = C, how large is x + y ?
To what is therefore the angle A0 equal?
What theorem have we thus found ?
The proof is now repeated synthetically, first with the same figure, then with a different exterior angle of the same triangle, or also with an entirely different triangle,
something as follows :
The teacher produces BC beyond C and asks:
What do we assert concerning the exterior angle at C ?
What auxiliary line shall we draw to facilitate the proof ?
What pairs of angles are now equal ? Why ?
(To avoid breaking the main course of thought, the parallels and the secant line are not
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now called for in detail.)
What follows from the equality ?
Karl, give the entire proof once more. (To hold the attention of the other pupils the
teacher interrupts, if necessary, and calls upon others to give the reasons for statements
made by Karl.)
In the next hour one or more repetitions of the proof are given in the same way
until, if possible, all the pupils are able to present the proof in a connected manner. ”
“ Many a beginner in teaching will regard a large part of the questions in the above
specimen as very superfluous and as uselessly squandering time, because he thinks it
may be taken for granted that the pupils know the answers. He will even fear that such
seemingly trivial questions will not only not attract the pupil, but actually bore him and
cripple his interest in the work through default of rapid progress to new matter. But
if he makes the experiment of teaching in the manner indicated, he will soon become
convinced of his error. He will see that the great majority of the pupils are eager
to participate in the discussion, that they compete for the privilege of answering the
questions asked, and are rejoiced to know and to do something. He will also notice that
the answer to these questions are by no means evident to some pupils, and he will be
obliged to take special pains with these pupils. He will often enough be amazed at the
colossal stupidity of some of the answers to his questions, but he will also be gratified
to see how, gradually, stupidity gives place to comprehension, and the progress of the
pupil, at first so slow, becomes more and more rapid, in consequence of the pupil’s
own mental exertions. It will not be long before the stronger pupils at least will be
able to make simple proofs without the previous assistance of the teacher. ”
The manner of the teachers was usually of a military sharpness, though not unkind; in many cases it was mild, in a few genial, and only exceptionally, unkind or
irritable. The routine directions, especially, are given with the snap and precision of
a military command and are met with an obedience equally military in its promptness
and unanimity. This custom, together with the fact that the time spent by a teacher
with the same class is measured in years, permits the development of an informal code
of directions (words and even gestures), by which the time occupied in giving and
executing routine directions may be considerably reduced. There was often a sharp
rattling fire of questions to which the answers came with corresponding promptness
and precision, but at crucial points, where it seemed necessary for the pupil to collect
his thoughts, ample time was allowed. The pupils were not only not hurried, but were
openly encouraged to take time to think. “ Take five minutes if you wish, only make
no mistake. ”
In commenting upon the work of pupils both the warmth of the praise for the good
work and the severity of the censure for the poor work were more intense than they
would have been under the same circumstances in America. It is safe to say that,
despite the fact that many of the teachers of mathematics in our secondary schools
are women, the emotional treatment of the instruction in Prussia is decidedly more
demonstrative than here.
(pp. 64–69)
The method of recording the work of the class is described by Dr. Young as follows:
On the desk of each class there lies a large book, very durably bound, devoted to
the record of the class’s work. One page is allotted to each day’s work and one book
serves a year. The page is provided with four columns, respectively for absentees,
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remarks, record of matter treated in the hour, and assignments. Horizontally, the page
is ruled for each school-hour, so that at the close of the day a complete record of the
day’s work in the class appears on the page. The home-work assigned being recorded,
each instructor can see what the class is already required to prepare, and govern his
own assignment accordingly. Usually, the days on which home-work may be required
at all are fixed for each subject, and I have at times seen this schedule posted on the
wall of the classroom together with the hour-schedule for the class which is invariably
there. The class-book is filled out beforehand as far as possible (dates, hours, subjects)
by the Primus or first boy of the class. The other entries are made and signed by the
teacher immediately at the close of the hour. In the column for remarks, anything not in
the usual routine is entered, such as pupils excused, pupils misbehaving, reprimanded,
punished, or doing very bad work.
(p. 71)
On homework, the author points out that:
All home-work is regarded as supplementing the work in the class and not as
an integral part of the course. Its purpose is either the cultivation of neatness and
orderliness in making clean copies of class-work, the memorizing of indispensable
material, the fixing of what has already been learned, or the training to independent
activity. Matter that has not been thoroughly explained in the class, so that the class as
a whole understands it clearly, is never assigned to be studied privately by the unaided
pupils.
(p. 73)
As regards the quantity of homework given he states that:
I learned the assignments in a few cases, and it seems, roughly speaking, that the
amount of home-work in mathematics required per week in Prussia is considerably
less than twice the amount required per day in the United States.
(p. 74)
He also points out that:
There are no “study hours” for pupils at school. While there, their time is occupied
entirely with class-work.
(p. 75)
On textbooks he informs us that:
Ministerial rescripts of December 24, 1833, and August 16, 1860, require that
some text-book be used in mathematics. The decision as to which book or books are
to be used is made by the local authorities, but their choice is limited to such works
as have been approved as sufficient for the purpose by the Ministry or the Provincial
Board.
(p. 75–76)
On the use of a textbook he states:
The text-book adopted is in many cases regarded as named rather to comply formally with the regulation than for the purpose of actually using the book. This statement is based both on information which I obtained from German teachers and on my
own observation. In all my visits I saw no books used in the classes (except collections
of exercises and tables of logarithms), nor did I hear any allusion to the text in the work
of the hour or in the assignment of home-work. One very excellent professor informed
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me, upon inquiry, that “Mehler” was indeed officially in use, but that it was sometimes
not alluded to in the class-work for months at a time.
Whatever may be the extent of the actual use of the text-book, the German teachers
are unanimously agreed on one point — the study of any particular topic in the textbook must always follow the development of that subject in the class. The chief
functions of the text-book are considered to be:
First, to avoid the loss of time of instruction involved in the pupil’s copying the
teacher’s explanations into a book as they are given.
Second, to give those pupils who have not thoroughly understood the class presentation (and whose notes would probably also be faulty), a faultless presentation
to which they refer and review the class-work, and clear up any points which had
remained obscure.
(p. 76–77)
In his concluding chapter the author states:
The causes of the excellence of the Prussian work in mathematics may be classed
under three heads:
1. The Central Legislation and Supervision.
2. The Preparation and Status of the Teachers.
3. The Methods of Instruction.
Of these, each is in a large measure a consequence of the preceding. Well-prepared
teachers are likely to use good methods of instruction and to evolve better ones. Thorough preparation of teachers is sure to be required when the legislative and executive
authority is vested in experienced educators of the highest order.
(p. 114)
Later he states that:
. . . the excellence of the Prussian work in mathematics may be attributed to the scientific and pedagogic preparation of the teachers for their work, more largely perhaps
than to any other single cause.
(p. 122)
Later he suggests that:
If, however, the tale should end with a moral, that moral would undoubtedly be
this:
The chief thing is that every teacher be active and growing scientifically and pedagogically; that he add to his mathematical attainments year by year, and that he study to
improve in the art of teaching.
(pp. 139–140)
He concludes with:
As this report is on the point of receiving its closing words, the article of Professor
Münsterberg, of Harvard, on the German school-work (Atlantic Monthly, May, 1900)
comes to hand. Professor Münsterberg writes from the point of view of one educated
under the German system and learning to know the American system later in life.
. . . It is an additional gratification to find that Professor Münsterberg finds himself
able, after completing the course of a gymnasium, to make even stronger statements
as to the excellence of the work done in these institutions than any contained in this
report. The words of advice which he gives to American educators are especially
pertinent at the present time and deserve most careful consideration.
(p. 140, 141)
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Professor Münsterberg’s article [2] is indeed well worth reading. He attributes the achievements
of the higher schools to two things:
A great poet once said that any man who has ever really loved in his youth can
never become quite unhappy in life. A man who has ever really taken a scholarly view
of his science can never find in that science anything which is quite uninteresting. Such
enthusiasm is contagious. We boys felt that our teachers believed with the fullness of
their hearts in the inner value of the subjects, and every new bit of knowledge was thus
for us a new revelation. We did not ask whether it would bake bread for us. We were
eager for it on account of its own inner richness and value; and this happy living in an
atmosphere of such ideal belief in the inner worth and glory of literature and history,
of science and thought, was our liberal education.
I know it would be wrong to explain our being three years ahead of a New England
boy merely by the scholarly preparation of our teachers. A second factor, which is
hardly less important, stands clear before my mind, too: the help which the school
found in our homes. I do not mean that we were helped in our work, but the teachers
were silently helped by the spirit which prevailed in our homes with regard to the
school work. The school had the right of way; our parents reinforced our belief in the
work and our respect for the teachers. A reprimand in the school was a shadow on our
home life; a word of praise in the school was a ray of sunshine for the household. The
excellent schoolbooks, the wise plans for the upbuilding of the ten years’ course, the
hygienic care, the external stimulations, — all, of course, helped toward the results;
and yet I am convinced that their effect was entirely secondary compared with these
two features, — the scholarly enthusiasm of our teachers, and the respect for the school
on the part of our parents.
(p. 661)
And again he reinforces it with:
I merely indicated one other feature of our German education when I disclosed the
secret of its efficiency. I said our parents reinforced in us respect for the school, and
the home atmosphere was filled with belief in the duties of school life. Our parents did
not need mothers’ clubs and committees for that, and there was little discussion about
what children need in abstracto ; but they made their children feel that the home and
the school were working in alliance. We boys took all that as a matter of course, and
what it meant I never quite understood before I crossed the ocean.
(p. 669)
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A Note on Pythagoras
In recent times Pythagoras has been vilified by some writers, particularly by some of those who
write books that popularise science and mathematics. Their sensational claims are then taken up by
others
√ and spread abroad. Their contention is that Pythagoras forbade publicising the irrationality
of 2 because it did not fit in with his theory about numbers and that he even had Hippasus
(its supposed discoverer) put to death for revealing it. That viewpoint shows that they had no
understanding of what Pythagoras was about.
Pythagoras was primarily a spiritual teacher somewhat like Jesus or the Buddha, except that he
did not preach to the masses but instead only admitted those who showed a willingness to develop
themselves spiritually. Even after admittance, aspirants were carefully monitored to see if they
were making progress in overcoming their vices and shortcomings and they were only allowed
to partake of the teachings when it was evident that they had made progress. Chapter 17 in
Iamblichus’ book [1] describes this.
The teachings and discoveries made were only meant for the ears of the community and there was a
ban on revealing them to outsiders. This applied to all the teachings, not just to their mathematical
discoveries. To reveal the doctrines was considered to be a profanation of them. It is a bit like the
advice in the New Testament not to cast pearls before swine. In ch. 17 also, Lysis (a Pythagorean)
explains to Hipparchus (another Pythagorean) why it is necessary not to reveal the teachings to
outsiders.
It is reported that you philosophise to every one you may happen to meet, and
publicly, which Pythagoras did not think fit to do. And these things, indeed, O Hipparchus, you learnt with diligent assiduity, but you have not preserved them; having
tasted, O excellent man, of Sicilian delicacies, which you ought not to have tasted a
second time. If, therefore, you abandon these, I shall rejoice; but if not, you will be
dead in my opinion. For it will be pious to call to mind the divine and human precepts
of Pythagoras, and not to make the goods of wisdom common to those, who have not
even in a dream their soul purified. For it is not lawful to extend to every casual person,
things which were obtained with such great labours, and such diligent assiduity, nor
to divulge the mysteries of the Eleusinian Goddesses to the profane. For those who do
either of these, are equally unjust and impious. But it will be well to consider what
a great length of time we consumed in wiping away the stains which had insinuated
themselves into our breasts, till, after the lapse of some years, we became fit recipients
of the doctrines of Pythagoras.
(pp. 39–40)
As regards Hippasus there is information about him in the following passages:
Again, there were also with the Pythagoreans two forms of philosophy; for there
were likewise two genera of those that pursued it, the Acusmatici, and the Mathematici. Of these however the Mathematici are acknowledged to be Pythagoreans by
the rest ; but the Mathematici do not admit that the Acusmatici are so, or that they
derived their instruction from Pythagoras, but from Hippasus. And with respect to
Hippasus, some say that he was a Crotonian, but others a Metapontine.
(p. 42)
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And again in the following we learn of his discovery. The passage includes a footnote from the
translator, Thomas Taylor:
With respect to Hippasus however especially, they assert that he was one of the
Pythagoreans, but that in consequence of having divulged and described the method
of forming a sphere from twelve pentagons1 , he perished in the sea, as an impious
person, but obtained the renown of having made the discovery.
(pp. 47–48)
Later in the book there is the following information regarding the two disclosures:
Nor did they think fit either to speak or write in such a way that their conceptions
might be obvious to any casual persons; but Pythagoras is said to have taught this in
the first place to those that came to him, that, being purified from all incontinence,
they should preserve in silence the doctrines they had heard. It is said, therefore, that
he who first divulged the theory of commensurable and incommensurable quantities,
to those who were unworthy to receive it, was so hated by the Pythagoreans that they
not only expelled him from their common association, and from living with them, but
also constructed a tomb for him, as one who had migrated from the human and passed
into another life. Others also say, that the Divine Power was indignant with those who
divulged the dogmas of Pythagoras: for that he perished in the sea, as an impious
person who rendered manifest the composition of the icostagonus; viz. who delivered
the method of inscribing in a sphere the dodecædron, which is one of what are called
the five solid figures. But according to others, this happened to him who unfolded the
doctrine of irrational and incommensurable quantities.
(pp. 126–127)
This indicates to me that there were likely two separate people, Hippasus, who revealed the
construction of√
inscribing a dodecahedron in a sphere, and another, un-named, who revealed the
irrationality of 2, and one or both deaths at sea were seen as divine retribution for betraying the
injunction not to reveal anything.
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The same thing is said by the Pythagoreans to have befallen the person who first divulged the theory of
incommensurable quantities. See the first scholium on the 10th book of Euclid’s Elements, in Commandine’s edition,
fol. 1572.
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