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Editorial
Autumn arrives and for people in Ireland their thoughts
turn to … Maths Week! Of course! Making its eighth
appearance it has become the largest such event
organised in the world according to its founders.
Furthermore, the extremely successful MathsFest, held
for three years in Cork, has made a comeback in Dublin.
Now, that's dedication and commitment! These events are
evidence of the resurgence of interest in mathematics and
science in Ireland. It is the delight of this Newsletter to
promote and celebrate these innovations. The Cork
Branch report on MathsFest 2012 gives a small indication
of the dedicated work wh ich went into making it such a
huge success. Congratulations to all involved.
There are also many individual achievements that need to
be celebrated and publicised
‒ such as participation in the International Mathematical
Olympiad. A delightful blog-like insider report on the
2013 IMO in Columbia is given by Jessica Weitbrecht.
Our congratulations to Jessica and the others on the Irish
team who represented us so well;
‒ or such as the achievements of the outstanding students
in the Leaving Cert ificate. It is delightful to see a leading
international company, Accenture Analytics, bein g
associated with the celebration of their success.
This ed ition of Newsletter is replete with thoughtful and
insightful articles from many branches of mathematics. It
is a piece of serendip ity that two major contributions deal
with the concepts of freedom, aesthetics, beauty and joy
as essential elements of mathematics and mathematics
education. It is to be hoped that these presentations by
Fiacre Ó Cairbre and Siddharta Sen do even just a little to
balance the topical promotion of utilitarianism.
Michael O'Lough lin gives us further insights on the Sine
Rule and student-friendly presentations of Mathematical
Induction. Mícheál Ó Muimhneacháin
provides
problems and answers to Junior Maths Competition Final
2013. What a wonderful resource these are! We can see
how every cloud can have a silver linin g as we study an
exquisitely detailed mathematical analysis of 'that error'
in the 2013 Leaving Certificate by Finbarr Holland.
There is much to be learned here.
How can modern digital technologies be incorporated
into the teaching and learning of mathematics? Colin
Townsend gives us a collaborative account of a
collaborative Comenius project which pursued that
objective on an international basis. Th is is counterpointed
by Michael Moynihan's fascinating description of
calculations without technology.
Neil Hallinan deals with an analemma and reports on
Nollaig Ó Donnabháin's account of how a dilemma was
solved by Fionn Mac Cumhaill.
All that and more awaits you in this Newsletter.

Congratulations to the Team Maths 2013 winners
from High School, Rathgar, Dublin. The event was
hosted at UL (http://www.nce-mstl.ie/).
With thanks to all contributors. Enjoy the read!
All contributions are welcome.
Send by e-mail to : hallinann@gmail.com
Neil Hallinan

IMTA COUNCIL 2012/13
Chair: Sean MacCormaic imtachair@gmail.com
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The views expressed in this Newsletter are those of the
individual authors and do not necessarily reflect the
position of the IMTA. While every care has been taken to
ensure that the information in this publication is up-to-date
and correct, no responsibility will be taken by the IMTA for
any errors that might occur.
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ACTIVITIES OF IMTA COUNCIL 2012-2013
1. MathsFest 2013
After three very successful years in Cork, MathsFest is moving to Dublin. The IMTA Treasurer,
Natalie Noone, has put together a very extensive programme to suit the needs of all teachers. Full
information and, most importantly, booking details can be found at www.mathsfest.com.
2. Accenture and the IMTA
As you may be aware, Accenture sponsor the IMTA award for the three students who display the
most meritorious performance in the Leaving Certificate Higher Level examination. The students
will be selected after this year's appeals have been completed and the prize-giving is hoped to be
held in the Accenture offices in Dublin towards the end of November.
An exciting development this year is the launch of a pilot programme involving Transition Year
students. After several meetings, the Chairman, Sean MacCormaic, has ensured that this will be a
viable project. Ten schools are going to work with real-life data using techniques and methods
from Strand 1 and present their analysis in a report. After evaluation it is hoped that this will be
rolled out nationally for all interested schools in the future. The official launch of the pilot will
take place at this year's MathsFest.
3. Address to the Project Maths Implementation Support Group
After the publication of the IMTA report on the roll-out of Project Maths, a series of meetings
took place. The report is now available on our website, www.IMTA.ie. In June the IMTA were
invited to make a presentation to the PMISG. The Recording Secretary, Donal Coughlan,
presented on behalf of the association.
4. Establishment of committee on Science, Technology, Engineering and Mathematics
The Minister of State for Research and Innovation, Sean Sherlock, established a committee on
STEM to further its interests and try to secure greater funding for its promotion. The IMTA are
represented on this committee by Sean MacCormaic.
5. Meeting with Institute of Guidance Counsellors
The IMTA Secretary, Brendan O'Sullivan, met with the Institute of Guidance Counsellors to
request their support for a review of the eligibility of Foundation Level students for third level
courses. There has been significant change in the teaching, learning and assessment for these
students and it would be a good time to examine third level prospects for these students. A lot of
attention has been paid to the Higher Level and bonus points with little attention paid to
Foundation Level. Following a presentation on the changes the IGC were quite positive towards
such a review and will discuss it formally at their Council meeting in September.
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The IGC emphasised that it is necessary for mathematics teachers to speak to the guidance
counsellors in their own schools and outline the changes at Foundation Level. Principals and
guidance counsellors will soon be attending regional CAO meetings and it is important that a
groundswell of support be established if any change is to come about.
6. Timings for topics
The Council meeting in May agreed that the IMTA will produce a document with recommended
timings for the teaching of all topics in each of the five strands. A subcommittee was established
for this and it will be coordinated by Sean MacCormaic.
7. Student Competitions
The regional rounds of Team Math are scheduled for Friday 31st January, 2014.
The Team Math final is provisionally set for the 8th March, 2014, and will be held in University
College Galway.
The Irish Junior Maths Competition for 1st years will have its first round on the 5th March 2014.
The sixth annual Pi quiz will be held on the 4th April 2014. More information can be found at
www.piquiz.ie and anyone interested in hosting the competition in an area not already covered,
should contact info@corkmaths.ie
Brendan O'Sullivan National Secretary, IMTA

ACCENTURE AWARDS 2012

Ms Edel Lynch, Accenture, presenting the awards to Philip Clarke, St. Mary's Diocesan School,
Drogheda; Fiona McCarthy, Mount Anville, Dublin; Joe O'Sullivan, Blackrock College, Dublin.
Photos: Donal Coughlan

Following on the initiation of the award in 2011 the Accenture Analytics Mathematics
Excellence Award was again presented in 2012. But rather than a single recipient it was
considered that three students who achieved highest results in the Leaving Certificate Higher
Mathematics, 2012, should be recognised.
This year the ceremony took place at the Accenture offices in Dublin on the 9th of January 2013.
The awards were presented with heartiest congratulations by Ms Edel Lynch, Accenture Partner
and Director, and Mr. Sean MacCormaic, Chair IMTA.
The Accenture Award has the following elements: A bursary from Accenture, a Masterclass Day
of Mathematics with experts from the Analytics Innovation Centre, a Certificate of Excellence
and a plaque (as shown in the 2nd and 4th pictures above).
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From Josephus to Fionn Mac Cumhaill
Fr. Ingram Memorial Lecture, 2012
The following article is adapted from the talk given in a most entertaining fashion by
Nollaig Ó Donnabháin.
In 1947 an article was presented to the Royal Irish Academy and published in the Proceedings of
the Royal Irish Academy in 1948 (Proc. Roy. Irish Acad. Sect. A 52 (1948), 87–93). It was
entitled Áireamh muinntir Fhinn is Dhubhain, Agus sgeul Iosephuis is an d´a fhichead Iudhaich
and was written in Scots-Gaelic. The author was Rob Alasdair Mac Fhraing. The translation of
the title is: "The numbering of Fionn's and Dubhan's men, and the story of Josephus and the
forty Jews" but the translation of the author's name remained a mystery for some time. In fact, it
translates as 'Robert Alexander Rankin'.
Robert Rankin (1915-2001) was, at the time, Fellow and Assistant Tutor in Clare College,
Cambridge. Later, he became Mason Professor of Pure Mathematics in Birmingham University
(1951-54) and, from 1954 to 1982, he was Professor of Mathematics at the University of
Glasgow. He was staunchly Scottish and passionate about Gaelic language and music. For some
time he was an external examiner at University College, Galway, where certain mathematics
papers were taken 'as Gaeilge'. Rankin was a number theorist and a founding member of The
Ramanujan Journal. In 1939 he had been a research student of G.H. Hardy.
An amusing anecdote about the publication by the R.I.A. is that the editors required a review of
the work of Rob Alasdair Mac Fhraing before publishing. They sent it to the only reviewer they
knew who could understand Scots-Gaelic ‒ Robert Rankin. His review was to the effect that 'any
paper in Gaelic is alright in my book.'
The article concerns a Scottish–Gaelic version of a well-known ancient story. The mathematical
problem is as follows. The numbers 1, 2, . . . , n are arranged in a circle, and every mth number is
deleted. The main task is to find the last number to be deleted, and Rankin constructed an
algorithm for doing so.
This ancient story was also relevant to Josephus Flavius (37 - 100 AD). Josephus was a Jewish
soldier who, together with forty other companions, was trapped by Roman soldiers. Rather than
surrender, the Jewish soldiers decided to stand in a circle and take turns killing each other in a
prescribed pattern such as every third man would be killed until there was only one left who
would have to commit suicide. Josephus was the final soldier remaining whereupon he
surrendered rather than be killed. He went on to become a famous historian in Rome under the
protection of the house of Flavius. The problem is today known as the Josephus Problem.
Fionn Mac Cumhaill (Scotland/Ireland) is reputed to have lived from 100 to 200 AD. The
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legends about Fionn in Scotland are as numerous, if not more so, than those in Ireland. Many of
these were recorded in the famous 16th century compilation The Book of the Dean of Lismore
(Scotland).
Rankin recounted the story of the meeting of two giants, Fionn and Dubhan. Fionn brought 14
warriors with him and Dubhan agreed to match them with 14 of his men. Rather than make battle
immediately the giants agreed to sit and play a seemingly fair game of 'murder your neighbour',
the ninth person being killed each time. Fionn was well versed in mathematical lore and knew
how to arrange his men. The problem he solved was where to seat his men so that all of Dubhan's
men were killed without any of his own men suffering a loss.
The solution is given in a verse as follows:
Ceathrar fhear fionn 'nan suidhe air thùs
A laoidheadh air mheabhair ri'm bàs,
Còigear laoch dubha 'nan dàil
Do dearbh luchd cogaidh le Dubhan

This translated version of a similar verse is
given in http://www.electricscotland.com/
books/pdf/waifsstraysofcel04lond.pdf.
From Waifs and Strays of Celtic Tradition,
Vol IV, Collected by J.G. Campbell; David
Nutt, London, 1891.

Dìthis ò Mhac Cumhail go buaidh
Is fear ò Dhuhan dreach ruadh
Triùir ò Fhionn is àille dreach
Is fear ò Dhubhan diuramach.
Cha suidh Fhionn 's a bhrugh bhàn
Gan ditis dubh ar a leth-làimh
Dithis eile 'nam fochair-san
De mhuinntir Fhinn a Albain
Dithis dubha mu Dhubhan dil
Is aon fhear fionn 'nam fochair-san.
Dà Chomhlaochan dubha 'nan dàil

Four wild white men, at the beginning,
And five black next to them,
Of Duvan's tall fighting men,
Two from MacCumal, anew;
One from Dewan of reddish comeliness,
Three from Fionn of fairest appearance,
One from Devan of secret purposes.
Fionn will not sit in the Fair Fort
Without two black ones on one hand,
And two white ones by his side
Of the family of the King of Alban.
Two black ones about determined Duvan,
One white one in their company,
Two smart black ones near these.
Two from Fionn and one from Duvan.

Dìthis ò Fhionn is fear ò Dhubhan
Is cha b'fhulair dha fhear eile.
Following the prescription of the verse it is possible to seat the warriors so that Fionn emerges
with all his men unscathed while Dubhan and his men are slaughtered.
While the Fionn of Rankin's story is Scottish, the nationality of Dubhan is not given. Irish
folklore has it that Dubhan is buried in Ballingeary, Co. Cork, where a standing stone is seen
today.
Compiled by Neil Hallinan
P.S. Honourably, Rankin also enlightened the editors as to his authorship of the article.
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Standing Stone
Ballingeary, Co. Cork

G.H. Hardy
1877-1947
"1729 seemed to me rather a dull number"
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R.A. Rankin (MacFhraing)
1915-2001

Josephus Flavius
37-100 AD

Srinivasa Ramanujan
1887-1920

Fionn MacCumhaill
100-200 AD estimate
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Shakuntala Devi
1929 ‒ 2013
Given any two 13-digit numbers, how long do you think it would take you to multiply them?
This task was completed by Shakuntala Devi, in 1980, without a calculator! The numbers she
was given were 7,686,369,774,870 and 2,465,099,745,779.
The answer she gave was 18,947,668,177,995,426,462,773,730. She was, of course, correct.
Even more remarkable is the fact that she completed the task in 28 seconds earning a place in the
Guinness Book of Records. She could do many such phenomenal calculations unaided. She had
no formal education.

Shakuntala Devi, Bangalore, India
http://www.livemint.com/Opinion/H2c9FBxmI7ofysI8RAPh3I/Shakuntala-Devi-RIP.html

Devi was a household name in India. It was reported that she strove to simplify mathematics for
students and help them get over their maths phobia.
Among her reasons for taking an interest in mathematics were::

It gives you a purpose, an aim, a focus that insures you against restlessness;

It makes you regard yourself with greater respect and in turn invokes respect from others
around you;

It makes you more aware, more alert, more keen because it is a constant source of
inspiration.
(From her list of reasons in her book, Mathability: Awaken the Maths Genius in Your Child.)
Neil Hallinan Dublin Branch
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MATHSFEST 2012 - REPORT
With the advent of Project Maths and seemingly insurmountable change in the Irish education
system, teachers and educators were actively searching for information and support. The Cork
Branch received many requests from members in 2010 to host information sessions on Project
Maths and to showcase what resources were on offer. After the organisation of such an evening
in November, 2010, with over 200 people attending, MathsFest was born and an exciting threeyear programme was initiated. The Cork Branch’s proposal for the 2012 national conference and
IMTA AGM was accepted in early 2011 and plans were put in place. MathsFest 2011 allowed a
test run of a more widespread programme of speakers and resources exhibition, where 300
teachers attended in October, 2011. This confirmed the support for such an event.

John Williamson, CEO Topaz; Sean Sherlock, Minister of State for
Research and Innovation; Edward Williamson, Chairperson Cork IMTA;
Brendan O'Sullivan, Secretary Cork IMTA
MathsFest 2012 planning allowed for 500 delegates to attend a full day of speakers and
exhibitors in an informal and supportive environment. Planning started early with the initial
design of public relations and venues. Led by Director Edward Williamson and Deputy Directors
Brendan O’Sullivan and Mary Sheahan, the MathsFest committee was joined by Janet Cotter,
Jerry McCarthy and Eoghan O’Leary, all experienced in organising large events. The Boole
concourse in University College Cork was booked, a preconference banquet was planned for the Clarion Hotel and
TOPAZ joined the event as main sponsor. Online booking was
put in place and 10,000 posters were commissioned and
printed. Then the fun began as every school in Ireland received
posters in two separate mailings with nearly 140kg of mail.
This led to the start of bookings and it was clear from the
outset that this event was going to be popular.
Professor Malcolm Swan
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Months of planning by the Cork Branch finally
came to fruition on 19th October, 2012, when the
pre-conference banquet kicked off a hectic
weekend in Cork with many delegates, speakers
and exhibitors arriving on trains and planes. A
light-hearted and fun evening took place in
preparation for the hectic day on 20th October.
With a queue of exhibitors at 7:30am waiting to
create their exhibition areas within two hours,
Group picture from Boole Theatre Lecture Hall the large hospitality team laid out the name tags
and TOPAZ were in place with mountains of
refreshments. Five hundred 'goodie-bags' were ready and the fun began. Then the crowds started
to arrive, with a growing number starting to queue around UCC. As five hundred people waited
to enter the MathsFest arena, this was the point when everyone knew they were attending
something unique and special and that history was being made. The official opening came at
10am when Minister Sean Sherlock and TOPAZ CEO John Williamson spoke to the delegates
before the talks began at 10:30. A day comprising of impressive national and international
speakers took place including Prof. Malcolm Swan, Prof. John Mason and representatives from
the inspectorate, NCCA, NCSE and Texas Instruments.
MathsFest has become a popular name amongst Maths education circles within and outside
Ireland and, thankfully, the name will continue into the future with MathsFest being held around
the country after its inception in Cork. See www.mathsfest.com.

MathsFest Committee - Eoghan O'Leary, Mary
Sheahan, Edward Williamson, Brendan O'Sullivan,
Janet Cotter, Jerry McCarthy
Report from the Cork Branch
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The Ambiguous Case of the Sine Rule
Sometimes when given two sides and an angle opposite one of the sides, there are two values
possible for the angle opposite the other given side which thus gives rise to two triangles. This
article looks at how such a situation may arise.
B

Using the usual notation, suppose A
and sides a and b are given and consider first
when A is acute.

a

A

C
b

In Figure 1, side a is not long enough to
form a triangle. What is the minimum length
it needs to be?
Figure 1
B

a
C

A
b

Increase the length of a until the circle just
touches the other arm of A. The arm is
then a tangent to the circle and the triangle
formed is right-angled at B since the
radius and tangent are perpendicular at the
point of contact. Figure 2.
a

Then
 sinA and a = b sinA so the
b
minimum length of a is b sinA.
Figure 2

Next increase the length of a beyond this
minimum length and one sees that two
triangles are now possible. Figure 3.
The CB1B2 is isosceles. As a consequence,
| AB1C |  |  B1 B2 C | 180 0

i.e. the two possible values for the angle at A
B are supplementary to each other as we
b
know from trigonometry. Using the
theorem that in any triangle the greater
angle is opposite the longer side, both
values for angle B are greater than angle A
since b > a.
Figure 3

B2

B1

a
a
C
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Increasing the length of a
further until it equals b shows
that now only one triangle is
possible. Figure 4. (The
second point of intersection is
at A).

B2

a

A

C
b

Figure 4
B2

a

A

C ont i nu ing
w it h
increasing a so that a > b
leads to a circle that can
intersect the arm of A
once only. Figure 5.

C
b

Figure 5

This leads to the conclusion that two triangles are possible only when b sinA < a < b.
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Next consider if there are restrictions on the
size of A. Suppose A = 90o. Then a is the
hypotenuse and a > b so the circle can intersect
the arm of A once only. Hence there can only
be one triangle. Figure 6.

B2
a

A

C
b

Suppose A is obtuse. Then a needs to be
greater than b for the circle to intersect the arm
and once again only one triangle is possible.
Figure 7.

Figure 6
B2
a
A

C
b

Figure 7

We conclude that two triangles are possible if b sinA < a < b and A is acute.
An investigation for students based on this activity could be something like the following:
You are looking at designing triangular shapes. Using the usual notation for triangles investigate
how many triangles are possible in the following three situations:
(i) by construction (make b the base); (ii) by using the sine rule to calculate |B|.
(a)

|A| = 35o, a = 5cm, b = 7cm

(b)

|A| = 70o, a = 5cm, b = 7cm

(c)

|A| = 40o, a = 7cm, b = 5cm

Do your findings from using the sine rule confirm what you found by construction?
Explain for each of the three cases.
Michael O’Loughlin Dublin Branch
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Analemma – What’s That?
Part I
If

you go to Dun Laoghaire and walk out on the East Pier you may see a sundial based on the
analemma curve. ‘May’ is significant here because on the day I went to Dun Laoghaire, at first I
couldn’t find the sundial. I looked around and could not see it anywhere even though it was signposted at the entrance to the pier. After some time I realised I should look down and, to my
amazement, there was the sundial, right under my feet.

Photo 1. Dun Laoghaire harbour, Co. Dublin, with the
analemmatic sundial in the foreground Photo: N Hallinan
An analemmatic sundial is used to tell the time from the shadow cast by the sun. But instead of a
fixed angled pointer, or gnomon, as in the usual sundial, the sundial based on the analemma
requires the shadow-maker to be at a different position (and vertical) for each different time of
the year. This is why there was nothing to see as I looked around on the pier. This sundial is a
combination of time-plates and a standing-plate set in the concrete surface. As you stand at the
correct place as indicated, you, yourself, become the gnomon.
Luckily, on the day in question, the sun shone. I could see my shadow pointing towards the time
of 10:30 a.m. I looked in disbelief. Was I standing in the correct place? Was I looking at the time
-plate correctly? I looked at my watch. It was almost 12 noon. Which reading was correct?
Of course! It dawned on me - it was summer-time! The sundial probably gave time in Old Time
or Winter Time, one hour less than Summer Time or Daylight Saving Time in Dun Laoghaire.
So I added 1 hour and found the shadow-clock was reading 11:30 a.m. Still a large discrepancy
but could it be due to the other issues mentioned already?
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I decided it was time to read the instructions more carefully. These required some graph-reading
skills because there in front of me was a graph showing the Equation of Time which gives the
difference between ‘real’ sun-shadow time at various times of the year and the average or mean
of these differences which is used in the construction of standard time for watches and clocks.
For late June the Equation graph showed that I should add 4 minutes to the time shown by the
shadow. That brought my reading time to 11:34 a.m. Closer to my watch-time but still not
enough. I know also that my watch rarely shows the exactly correct time but could my watch be
out by 25 minutes? I decided to do some further reading.

Photo 2. My Shadow pointing towards 10:30 a.m. in Dun Laoghaire

Photo: N Hallinan

At last! There was the significant item that I hadn’t thought about. I was in Dun Laoghaire! The
sun was shining on me in Dun Laoghaire. But my watch was showing the legal Irish Standard
Time for summer (i.e., Greenwich Mean Time + 1 hour; although astronomers prefer the nonlegal but scientific time-zone WEST - Western European Summer Time which is Coordinated
Universal Time (UTC) + 1 hour or WET-zone in Summer! UTC is a more precise version of
GMT). That is, my watch was taking a reading of the sun (so to speak) as it passed over
Greenwich, London. In order to read 12 noon using my shadow I should have to wait for some
time until the sun was in a similar position over Dun Laoghaire. In other words, how long does it
take the sun to travel from Greenwich to Dun Laoghaire? The answer was supplied on the
instruction plate. ‘Twenty-five minutes’ I read. So, there it was! The analemmatic sundial told
me the correct time in Dun Laoghaire – 11:34 a.m. In order to get this to correspond to my watch
I should add a further 25 minutes. That brought it precisely to 11:59 a.m. Instead of my watch I
then consulted my phone app which gave the exact time for anywhere in the world. This read
11:59 for Dublin just as the sundial had told me. Not bad for a shadow-clock!
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How to Read This Analemmatic or Human
Sundial
To read the time by the sun, stand with your feet
on either side of the centre line with your heels
on the approximate time of the month and note
the time by the direction of your shadow. If you
need to extend your shadow, extend your hands
above your head with the palms of your hands
together. To convert sun-time into standard time
add or subtract the minutes indicated on the
equation of time graph and then add 25 minutes
for the difference of time between Dun Laoghaire
and Greenwich. When Summertime is in force,
add one further hour to the sun time.

Instructions written on the plaque at Dun Laoghaire

Photo 3. Plate on the analemmatic
sundial at Dun Laoghaire showing
the Equation of Time Photo: N Hallinan

Underneath this script is the graph showing the Equation of Time with the instructions:
+ Sun Slow – Add Minutes

- Sun Fast – Subtract Minutes

(Note: 'Equation' is not an algebraic equation. Here it has an older meaning which is something
like ‘equalisation’ or ‘correction’.)

Just checking! The time in Dublin given by the World Clock app

Image from iPhone
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Analemma – What’s That?
Part 2
In Part 1 we saw how I stood on an analemmatic sundial in Dun Laoghaire and used the
Equation of Time to adjust the reading of the shadow-clock. But what is the analemma?

Image 1. Analemma in the Sky
Image from http://www.perseus.gr/Astro-Solar-Analemma-102816.htm
Date: Jan 12, 2002 - Dec 21, 2002 12:28:16 UT+2 Location: Athens, Greece

The Analemma
Essentially, an analemma is an imaginary curve in the sky showing positions of the sun at a
fixed watch-time each day. But to understand it better we must first explain some other ideas.
The first of these is declination.
Declination
The declination of the sun is the angle of the sun to the north or south of a projection from the
centre of the earth through the equator and out into space (the celestial equator) (see Figures 1
and 2). Declination is also the same as the latitude where the sun is directly overhead at noon on
a given day (using ‘plus’ for the northern hemisphere and ‘minus’ for the southern hemisphere).
Later we will see how it can be connected with the angle of the sun above the horizon (altitude
of the sun; elevation angle or shadow-angle) from the point of view of an observer on the
surface of the earth.
We know that the sun is higher in the sky in summer and lower in the sky in winter. The angle of
declination in summer is 23.44 o maximum and -23.44o minimum in winter. These angles are by
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reference to the 0o declination which occurs at the equinoxes when the sun is directly over the
equator. The position of the sun at the equinoxes is on the celestial equator (Figure 1).
Sun
N
0 o Declination
Sun directly
overhead the
equator at the
Equinox

Celestial
Equator

Earth
90 o

Equator

Figure 1. The celestial equator at an equinox (c. March 21, c. Sept 23)

North Pole
Star

Sun

N
The Sun at
Noon

S2
S1

Su n
’

M
s ra

ys

β
β
Celestial Equator

iz
Ho r

in e
on l

P ɸ

K

R

Tropic of
Cancer
P’

ɸ

γ

δ
O

Q

Equator

Earth

Figure 2. The summer solstice ‒ how the angles line up

At other times of the year the earth is tilted so that the sun appears (as in Figure 2) to be either
north (in the summer) or south (in the winter) of the equator. In this diagram the sun is north of
the equator and there is a positive declination angle, δ.
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Declination, Latitude and Shadow-angle connections
Let P be any point in the northern hemisphere on the surface of the Earth. The Angle of Shadow
at Noon at point P is |∠S2PQ| = β= |∠S1RQ|
The Angle of Latitude of point P is |∠POQ| = ɸ= |∠MPN| which is the angle between the
horizon and the North Pole Star at point P.
Some geometry: To show that the angle of latitude is the angle
between the horizon and the Pole Star.
Proof: QM is tangent at P so |  OPN | 90 o
|  MPN ||  PKO |
Alternate angles
o
|  PKO |  | POK | = 90 in Right-∆PKO
|  POQ |  | POK | = 90o
Also,
 | POQ || PKO || MPN | 
Or we could take an intuitive view:
OP  PM
Rotate POQ by 90o clockwise, centre O, to reach P ' OK .
Then OP’ will then lie parallel to PM and OK will lie parallel to PN.
 |  P ' OK ||  MPN |  |  POQ |
… q.e.d.

We now find a formula connecting declination, the angle of elevation of the sun and latitude.
The angle between the horizon line and celestial equator = |∠PQO| = γ
Declination |∠S1OQ| = δ
From the diagram we can see that β = γ + δ
(External angle to ∆RQO)
Also, γ + ɸ = 90o in Right-∆PQO ⇒ γ = 90o - ɸ
∴ β = 90o - ɸ + δ … a formula for the elevation angle of the sun, given latitude and declination.
i.e. The Angle above the Horizon of the sun at noon = 90o – Latitude + Angle of Declination
Alternatively, δ = ɸ + β - 90o … a formula for declination, given latitude and altitude of the
sun.
i.e. The Angle of Declination = Latitude + Elevation of the sun (at noon) – 90o .
Example
For Ireland (Latitude 52oN to 55oN), we can take latitude 53o as an example. On the summer
solstice the declination of the sun is 23.44o so the shadow-angle = 90o – 53o + 23.44o which is
60.44o at local or solar noon.
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object height
, the shortest shadow at this latitude is
shadow length
height
4
he igh t
Shadow length =
or about 7 of height.
0 . i.e., approximately,
Tan(60.4 4 )
1.76

Since Tan (Angle of elevation) =

See the online calculator at http://planetcalc.com/1875/ to see your shadow length through the
year. Thus, an object 1.86cm high at Latitude 53o 23' N and Longitude 6o 34' W will have a
shadow length of 1.07 cm at noon on June 21. Shadow lengths are important for the architecture
of many applications, especially where solar power is concerned.
Note: Since Tan(β) = Tan(90o - ɸ + δ ) =
Then

1
Ta n (9 0 o     )

=

S in (   )
Co s (   )

S in (9 0 o     )
o
C os (9 0     )

=

Cos(90o  (90o     ))
Sin (90 o  (90 o     ))

=

Cos (   )
Sin (   )

= Tan(ɸ - δ).

i.e., Shadow length = Object height x Tan (Latitude - Declination) is an alternative formula.
Solar declination through the year
We may imagine that the sun is directly overhead at 12 noon each day using our watch set to
Winter Time. In that case we could imagine looking at the sun (we never look at the sun directly)
and seeing its position in the sky directly overhead each day moving higher and lower through
the seasons. A plot of sun positions in the sky would look like a vertical line. This would range
from -23.44o south of the celestial equator to 23.44o north. Indeed, this was the case before
clocks were invented - 'noon' meant local solar noon, not clock-noon.
Summer

23.44o

0o

Celestial
Equator

-23.44 o
Winter

Figure 3: Imagined plot of sun positions at noon using declination only

Values for the angles of declination throughout the year may be found from a look-up table or
36 0
from an approximation formula such as this one:   23.44Cos[ ( N  10)] (with up to 2o of error),
365
from http://en.wikipedia.org/wiki/Position_of_the_Sun, where N is the day-number in the year,
starting with N = 0 on January 1.
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Table 1 is a look-up table for the first day of each month with Day Numbers from N=1 for
January 1. A 4-year cycle is taken in order to get the mean.

Date

Day
Number

Equation of Time
(mean) Values
Add mins
+
Subtract mins -

Angle of
Declination

Jan 1

1

+ 3.4

-23.13 o

Feb 1

32

+ 13.6

-17.3 o

Mar 1

60

+ 12.5

-8.0 o

Apr 1

91

+ 4.1

4.25 o

May 1

121

- 2.8

15.0 o

June 1

152

- 2.3

22.0 o

July 1

182

+ 3.6

23.0 o

Aug 1

213

+ 6.3

18.0 o

Sept 1

244

+ 0.2

8.5 o

Oct 1

274

- 10.1

-2.9 o

Nov 1

305

- 16.3

-14.0 o

Dec 1

335

- 11.2

-21.7 o

Table 1. Table of Mean Values for the Equation of Time and Declination of the Sun
Equation of Time from http://www.wsanford.com/~wsanford/exo/sundials/equation_of_time.html and
Declination from http://plus.maths.org/content/os/issue11/features/sundials/index

Introducing the Equation of Time
We may have imagined that the sun at noon simply appears to move higher and lower in the sky
at different rates throughout the year. But this is not the full picture. The sun does not appear
directly in line above or below the position of its appearance at the same time on the previous
day. It is our watches and clocks that give us the time based on international agreements
originating from mean or average solar time (using an imaginary sun travelling at a steady speed)
and we measure how far the sun deviates from that. The sun appears to move out of line,
horizontally, away from the vertical line shown in Figure 3. The purpose of the Equation of Time
(Table 1) is to tell us how far away from this vertical line lies the true position of the sun. For
comparison purposes, 1o of longitude = 4 minutes of time.
It is the combination of these two values of declination and time adjustment that produces the
analemma.
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Note: The time adjustment may be seen in terms of the azimuth angle of the sun instead of the
Equation of Time. The azimuth of the sun is the angle measured on the horizon – clockwise
from true north in nautical measure and, usually now, also in astronomy (formerly, clockwise
from True South in astronomy) - to the point on the horizon directly below the sun.
Allowing for The Equation of Time on our graph
We can now draw a proper graph of the positions of the sun at noon. Draw a horizontal axis at
the celestial equator and use it to mark off the time-differences which occur. The first positions
we may choose are those of the sun at the equinoxes. This is when the sun appears exactly on the
celestial equator at noon and those positions are at 7½ minutes to the left for the spring equinox
and 7½ minutes to the right for the autumn equinox. When the sun is to the left of where we
imagine it should be we say it is ‘slow’ and this amount is added to the ‘shadow-time’ in order to
get the clock-time. Similarly, when the sun is to the right of the centre line we say it is ‘fast’ and
subtract that amount from the ‘shadow-time’ to get the clock-time.
For each day of the year there is a given angle of declination and also a given time-difference
according to the Equation of Time (see Table 1). By plotting these against each other we can plot
out the positions of the sun overhead at noon for each day. Tracing a curve through each of these
points gives us the figure-of-eight shape known as the analemma (Figure 4). The horizontal axis
shows 'minutes sun fast' to the right and 'minutes sun slow' to the left. This is to agree with the
visual appearance of the sun as it might appear on the analemma in the sky. The reverse version
may also be drawn.
23.44o

Summer
24o

J-182

J-152

20o

A-213

16o

Add
Minutes
Sun slow

M-121

12o

S-244

8o

A-91

4o

0

VE-80

0o

Sprin g

Subtract
Minutes
Sun fast

Note the 186 days from
Vernal Equinox (VE) to
Autumnal Equinox (AE)
through Northern
Hemisphere summer vs.
179 days from AE
through winter to VE.

Celestial
Equator

AE-266
O-274

-4o

Autumn
-8o

M-60

-12o
-

16o

N-305
F-32

-20o

D-355

J-1

-24o

-23.44
16 12

8

4

0

o

4

8

Winter
12 16 20 Minutes

Figure 4. A graph of the analemma showing positions of the sun on
the first day of each month and at the equinoxes
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For other times of the day the analemma has the same shape but is oriented differently. The
orientation of the analemma at sunrise and sunset is directly linked to latitude.
Incidentally, in earlier times (before c. 1650) when local solar time dominated clock-time, the
clock was said to be 'fast' and 'slow' at these times, respectively, and the clock was adjusted to
agree with the shadow-time. No adjustment is needed on or around April 15, June 13,
September 2 and December 25 when the time difference is zero. On these dates the analemma
cuts the vertical axis at Time = 0.
The curve of the analemma can also be traced in the sky by using time-lapse photography. The
time-lapse may be a day or some longer period. A photograph of the sun is taken at the same
time each day – it need not be noon – and the photos superimposed on each other. Some
stunning results are available to view on the internet. The picture (Image 1) at the start of Part 2
is from Greece.
The oldest sundial based on the analemma is dated around 1532 in Brou, Bourg-en-Bresse (near
Lyon), France. Analemmatic sundials have become more popular as outdoor sculptures in recent
times as is witnessed by the installation in Dun Laoghaire.
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Analemma – What's That?
Part 3
Another look at the Equation of Time
Photo 3 in Part I gives a picture of the Equation of Time. It appears to be a complicated curve.
However, it is almost completely the sum of two sinusoidal curves, one with the period of a year
and the other with the period of a half-year. The other components which have lesser but, at
times significant, influence on the Equation of Time are not dealt with in this article. These are
such things as precession, nutation, leap year, etc.
The First Main Influence - Orbital Speed
Firstly, the path of the earth's orbit is not a circle; it is an ellipse. The eccentricity (see note) of
the earth’s elliptical orbit is 0.0167. This indicates how close it is to being a circle which has
eccentricity 0. The earth is travelling faster in winter and is at its fastest at perihelion (around
January 2) when it is closest to the sun. It is travelling slower in summer and slowest at aphelion
(around July 5). These speeds are consistent with Kepler's Second Law for planetary motion
which states that a line connecting the sun and the earth will sweep out equal areas in equal
amounts of time.
[Note: Eccentricity of an Ellipse = Square Root of the Difference of the squares of the Major and
Minor radii, Divided by the Major radius. i.e., a 2  b 2 , where a= half the major axis and b= half
a
the minor axis.]
The four stages of the earth's speed around the ellipse compared to its average (mean) speed
around an imagined circle as is used for clock time are as follows:
Stage 1: January 2 (perihelion, 2013) to April 2: The earth is orbiting faster than average but
slowing until it reaches average speed. The sun (solar time) appears slow compared to clock
time. The time-differences accumulate to a maximum of almost 7 minutes and 40 seconds or
7.66 minutes. The sun would appear further east than it should be according to the clock if we
look at this effect on its own.
Stage 2: April 2 to July 5 (aphelion, 2013): The earth is slowing to its slowest speed and
accumulated time-differences reach zero.
Stage 3: July 5 to October 2: The earth is speeding up until it reaches average speed. The sun
appears 'fast' in the sky compared to clock time. The sun would appear further west in the sky
than it should be according to the average clock time. The accumulation of slower time-
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differences reach a maximum of 7.66 minutes away from the mean (figures from http://
en.wikipedia.org/wiki/Equation_of_time. Figures vary slightly due to methods of calculation.
They arise from infinite series solutions to Kepler's Equation which is transcendental and unsolvable by algebra).
Stage 4: October 2 to January 2: The earth is speeding up to reach its fastest speed. The
accumulated time-differences are reduced to zero once more.

Minutes

Thus, the effect of the elliptical orbit of the earth on the Equation of Time may be given by a
periodic function which has a period of 1 year and an amplitude of 7.66 minutes with zeroes
near January 2 and July 5 (See Figure 2).

Sun Fast
Days
Sun Slo w

Figure 2: The effect of the earth's orbit on the Equation of Time
This effect is (almost) given by the sine function y = 7.66Sin(x - 3.202), 0 ≤x≤2π (see Figure 2).
In order to correspond to days of the year we use x = 2  ( N ) . (The day-number on the x-axis
365
starts at N = 0 for January 1. July 5 is given as N = 186 which gives the adjustment -3.202 for
the zero of the function. Notice that the tick-marks for the first of each month do not exactly
correspond to the 12 evenly spaced grid-marks.)
The Second Main Influence - Obliquity
Secondly, the earth's equator is tilted at 23.44o away from the plane of its orbit around the sun
(the ecliptic). Due to this tilt (obliquity) there is a variation in the Equation of Time.
In the construction of clock-time the earth is assumed to be upright in its path around the sun the plane of its orbit is the same as the plane of its equator (the celestial equator). We also know
that each spin of the earth on its axis of approximately 361o brings it back to face the sun each
day. This is because as the earth has moved along its orbit the extra degree above 360o is
required to keep it facing towards the 'centre' which is the sun.
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Figure 4. The 'upright' earth (dotted meridians) and the tilted earth (solid meridians)
For solar time the earth is tilted and the sun moves along the plane of the ecliptic (See Figure 4).
To see why the tilt of the earth causes the variation in the Equation of Time we start at the vernal
equinox around March 21 (Day N = 79). On that day the sun is overhead the common point of
intersection of the plane of the celestial equator and the plane of the earth's orbit or ecliptic
(centre of Figure 4). Both the earth and the sun are in line with a point in space among the stars
known as the First Point of Aries which now lies in the constellation of Pisces. This 'fixed' point
among the stars was well-described by Hipparchus (c 130 BC) when it was still part of the
constellation of Aries (it slowly moves!). At the equinox the angle between the direction of the
First Point of Aries and the sun is 0o. This angle is called right ascension ('right' as in 'right angle'
or 'upright') and is measured eastwards along the celestial equator.
The first cycle: As the earth continues its orbit from the vernal equinox the sun appears to move
eastwards in the sky since looking towards the First Point of Aries is considered to be fixed
whereas looking towards the sun requires a further 'swing around' each day.
In the model which gives the clock-time the meridians of the earth are in an upright position and
the sun moves along the equator (the horizontal line to the right in Figure 4). But when we look
at the tilted earth which gives solar time we see a different picture. At the spring equinox the
plane of the orbit and the plane of the (tilted) equator coincide. The equator of the real earth is
tilted down to the right at an angle of 23.44o. As the sun appears to move along the equator of the
'upright' earth the view from the tilted earth is that it rises higher in the sky - a height measured
by declination.
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The right ascension (RA) of the sun is measured along the equator of the tilted earth in Figure 4.
Since the earth is spinning towards the east (indicated by arrow in Figure 4), a tilted meridian is
met along the plane of the ecliptic before the corresponding upright meridian. Also, as one
moves out from the centre along the plane of the celestial equator the right ascension of the sun
on the tilted earth is less than the right ascension of the sun on the upright earth at these times.
This means that the time measured when the sun crosses a tilted meridian (solar time) is ahead of
the time measured when the sun crosses the upright meridian (clock time). The sun is ahead of
the clock and is 'fast' compared to the clock. These time-differences grow larger until around
May 5 and then reduce again to zero at the summer solstice where the meridians coincide.
From the summer solstice to the autumnal equinox the pattern is reversed with the sun running
'slow' compared to clock time. The largest difference occurs around August 5. This completes
one cycle.
The second cycle: Similarly, from the autumnal equinox to the winter solstice the sun is 'fast'
with a maximum around November 5 and then 'slow' following the winter solstice to the vernal
equinox with the largest 'slow' difference around February 5.
The effect of the tilt of the earth on the Equation of Time may be given as a function which has a
period of half a year and an amplitude of 9 minutes 52 seconds or 9.87 minutes. The zeroes occur
at the equinoxes and the solstices as shown in Figure 3. Day 79 for March 21 gives x-value 1.36.

Minutes

This is approximated by the function y = 9.87 Sin(2(x-1.36)), 0 ≤ x ≤ 2π.

Sun Fast

Sun Fast

Days
Sun Slo w

Sun Slo w

Figure 3. The effect of Earth's Tilt on the Equation of Time

IMTA Newsletter 113, 2013

Page 35

Minutes

Putting it all together
The Equation of Time may be approximated by the summation of these two sine functions.

Sun Fast

Days
Sun Slo w

Figure 5. The Equation of Time (solid curve) approximated as a sum of two sine
functions

Minutes

We now have y = 9.87Sin(2(x - 1.343)) + 7.66Sin(x - 3.185), 0 ≤x≤2π, as a simplification of the
Equation of Time. However, the conventions of presenting the Equation of Time vary. The graph
shown at Dun Laoghaire uses an inverted version of the graph in order that we can add the timevalues to our sundial-time when they are positive and subtract them when they are negative. This
inverted graph is shown in Figure 6.

Sun Slo w
Add
minutes

Days

Sun Fast
Subtract
minutes

Figure 6. The approximate Equation of Time (inverted, solid) superimposed
on plotted points of the Equation of Time from a table of values
http://freepages.pavilion.net/users/aghelyar/sundat.htm
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Why is the longest day not the day with the latest sunset?
The Equation of Time shows us how the real earth and the standard clock earth relate to each
other throughout the year. It shows the East/West variation of the appearance of the sun
compared to the average position indicated by a clock. When the sun is fast it is further west than
average. When the sun is slow it is further east.
As we can see on the Equation of Time (Figure 6) the sun is slow on June 21, the summer
solstice. A Table of Values (see http://www.wsanford.com/~wsanford/exo/sundials/
equation_of_time.html) gives 1.5 minutes slow for this date. This means that 1.5 minutes are
added to the apparent solar time of sunrise to give the clock time of sunrise. For the previous day
the sun is also slow but by 1.3 minutes. i.e. not as much is added to the solar time as on the
solstice day. Therefore the sunrise of solstice day will occur at a later time provided that the
apparent sunrise time is close on both days.
The apparent sunrise time varies with the declination of the sun but around the solstices the
variation is quite small - the meaning of 'solstice' is 'sun standing still' and the rate of change of
declination is zero (Figure 9). The variation is smaller than the changes in the Equation of Time.
The following diagrams illustrate how this may be conceptualised. The sun traces a path through
the sky every day. As June 21 approaches (Figure 7) this track gets wider and higher since the
days are getting longer and the sun is higher in the sky. At June 21, the solstice, the track is at its
widest and highest – the longest day. However, the time shown on our watches and clocks is not
the time shown by the shadow of the sun. The time on a clock is found by adding on the
appropriate value found from the Equation of Time. Because declination is not changing much
the positions of sunrise and sunset are not changing much. However, the Equation of Time
ensures that less time is added on in the days before the summer solstice than at the solstice itself.
Thus, sunrise time appears later at the solstice than in the days before that. In other words, the
earliest sunrise occurs before the solstice.
Track of the sun
before the solstice

Earlier clock-time
of sunrise before
the solstice.

Summer solstice: has the widest and highest track of the sun
Track of the sun
after the solstice

SUNSET TIMES

SUNRISE TIMES
TIME

Later clock-time
of sunset after
the solstice

Figure 7. The tracks of the sun before, at and after the summer solstice (Northern Hemisphere)
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Minutes per day

For the days around the summer
solstice the Equation of Time is
increasing and increasing time
continues to be added on to the
solar time following the solstice.
The rate of change of declination
continues to be less than the rate of
change of the Equation of Time so
Days
that the effects of changing declination do not overcome the effects of
the Equation of Time (Figure 8).
Thus, the sunset time on our watch
continues to get later for some days Figure 8. The Derivatives of the Equation of Time (dotted
after the solstice.
curve) and the Declination of the sun (dashed curve)

The number of days before and after the solstice at which these events occur changes with
latitude. At 53o North, around June 17 is the date for the earliest sunrise and around June 24 the
date for the latest sunset.
Similarly, we may ask 'Does the latest sunrise occur before or after the winter solstice and likewise, does the earliest sunset occur before or after that date?' The answer is provided by examining the Equation of Time around that date (December 21). We can also use a diagram similar to
Figure 7 by simply changing the summer solstice track of Figure 7 to become the narrowest and
lowest track for the winter solstice.
The earliest sunset occurs at an earlier date than the winter solstice around December 13 and the
latest sunrise occurs around December 30 for the latitude of 53o North.

Some Dates for 2013 at Latitude 53 o 20' N Longitude 6o 15'W
Perihelion: January 2 - The earth is closest to the sun
Aphelion: July 5 - The earth is farthest from the sun
Vernal equinox: March 20; Autumnal equinox: September 22
Solstices: July 21, December 21
Earliest sunrise: c.17 June (04:56, WET + 1 or Summer Time);
Latest sunset: c.24 June (21:57, WET + 1);
Latest sunrise: c.29 December (08:40, WET or Winter Time);
Earliest sunset: c.13 December (16:06, WET)
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Analemma - What's That?
Part 4

The human sundial
A feature of the analemmatic sundial is that it is built on flat ground with a person standing in as
the gnomon (the upright which casts the shadow). For this reason it is sometimes referred to as
the 'human sundial'.
The analemmatic sundial is created in the shape of an ellipse rather than a circle. The drawing
and positioning of the reference points depend on the latitude of your location. The sundial works
best in higher latitudes because shadows are sufficiently long to enable easy reading and the
elliptical shape is more circular than flattened.
For any ellipse, the length of the major axis is 2a; the length of the minor axis is 2b. The foci of
the ellipse are at a distance c = a 2  b2 on the major axis on either side of the origin which is the
intersection point of the axes. In the case of the analemmatic sundial the relationship between a
b
and b is given by Sin (L atitude )  . The length of shadow cast at the equinoxes is a guide to the
a
value of b, the semi-minor axis length. As we saw in Part 2, for a latitude of 53oN and a person of
height 147 cm this will be b = 147 x Tan (53o) which is 195 cm. For ease of measurement, a
value of b = 200 cm may be used. Then, the value of a = S i2n0503 = 250.4 cm.
o

The major axis is aligned East-West and the minor axis is aligned True North-South - not with
the magnetic North. We may use the North Pole Star as an alignment point or use published
tables of the magnetic deviation from true north, known as magnetic declination. This varies
with longitude as well as latitude. For a position 53oN and approximately 7oW this magnetic
declination will be about -4o. Shadow methods may also be used to fix the North-South
alignment.
Drawing the ellipse and fixing the hour-points
Having decided the lengths of the axes and fixed the point of origin we have a choice of methods
for constructing the required ellipse.
Method 1: One popular method, known as 'the gardeners' method', is to fix the two foci at a
distance of c = 150.7 cm from the origin on the East-West axis. Then, using a string of length 2a,
(500.8 cm) tied at either end to the foci, use a marking tool to pull the string taut and trace out the
ellipse (see Figure 1).
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Figure 1. Drawing an ellipse using the gardeners' method

On the ellipse the hour-points are then found by placing the points (x, y) given by x = aSin(15H);
y = bCos(15H), where H is the Hour-value starting with H = 0 for noon; then negative H-values
before noon and positive H-values after noon.
For example, at 10.30 a.m., H = -1.5; the coordinates are (-95.8, 184.8).
[Note: There are 24 arcs of 15o in a full circle.]
Method 2: An alternative method of constructing the ellipse is to use two circles, centered the
origin. The larger circle has radius = a; the smaller circle has radius = b. From the origin draw
radii at 15o intervals to cut the two circles. (Intermediate radii may be drawn to find the positions
for half-hours) (see Figure 2).
From the points of intersection of the radii with the outer circle draw vertical lines towards the
major axis; from the points of intersection of the radii with the inner circle draw horizontal lines
to intersect those vertical lines already drawn. These intersection points are the hour-points on the
required ellipse. Complete the ellipse by smoothly drawing through these points.
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Figure 2. Drawing an ellipse using two circles and showing the hour-points

Doceo horas — I teach the hours (motto on a sundial)
In order to get our sundial to tell the time we must now find the correct place to stand. This is
known as the Scale of Dates.
Algebraic method to place the scale of dates (see Table 1): Using the origin as starting point and
measuring along the North-South minor axis, the place to stand (z) is given by the formula:
z = aCos(Latitude)Tan(Declination). It may be shown that c = aCos(Latitude) so, therefore, we
may also use z = cTan(Declination), where c = a 2  b2 . These gnomon-points are on the NorthSouth axis and, when standing, a foot is placed on either side of this meridian line. In order to
separate the dates more clearly it is customary to draw horizontal lines out from the axis.
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Date

Declination(δ)

z = aCos(Latitude)Tan(Declination).
z-value (cm)
= 150.7 Tan(δ)

January 1

-23.13o

-64.4

February 1

-17.3o

-46.9

March 1

-8.0o

-21.2

April 1

4.25o

11.2

May 1

15.0o

40.4

June 1

22.0o

60.9

July 1

23.0o

64.0

August 1

18.0o

49.0

September 1

8.5o

22.5

October1

-2.9o

-7.6

November 1

-14.0o

-37.6

December 1

-21.7o

-60.0

June 21

23.44o

65.4

December 21

-23.44o

-65.4

Table 1. The Scale of Dates from the Algebraic Method
Declination from http://plus.maths.org/content/os/issue11/features/sundials/index

Geometric method to place the scale of dates (see Figure 3): Using a focal point as apex and the
East-West major axis as base, draw the declination angles to intersect the minor axis. Mark the
points of intersection with their respective dates. This method is shown in Figure 3.
In Figure 4 the result is overlain by the analemma which shows the offsets of time. Notice that
the analemma overlay is reversed compared to the analemma visualised in the sky and also that
the analemma offsets for part of April, all of May and part of June appear on the left-hand side
while the analemma offsets for July and August appear on the right-hand side. For instance, for
May 1st the sun is fast by 2.8 minutes shown on the left-hand side of the analemma.
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Figure 3. Construction of the Scale of Dates using angles of Declination
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Figure 4. The analemmatic sundial with analemma overlay
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Other uses for an analemmatic sundial: The Circles of Lambert
There are other functions which may be carried out on the analemmatic sundial as well as telling
the time. One of the most interesting is the identification of the times of sunrise and sunset.
These may be accurately found by using a construction of circles known as the Circles of
Lambert (see Figure 5).
Choose a date-point on the scale of dates (on the North-South axis). Connect this point to one
focus. For example, in Figure 5 the First of May is the date-point.
Construct the perpendicular bisector of this line segment to intersect the North-South axis. This
point is equidistant from the foci and the date-point and is the centre of the circle of Lambert for
this date. Using this point as centre draw an arc through the foci to intersect the ellipse to give
the times of sunrise and sunset.
On Figure 5 the times of sunrise and sunset for May 1st are approximately 5:28 a.m. and 7:25
p.m., having allowed for the hour of daylight saving time and the subtraction of 3 minutes for the
Equation of Time. For different longitudes a further appropriate adjustment must be made.
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Latitude: 53o N
Longitude: 0 o W
Time Zone: UTC 0 (add 1 hour for
summer time)

Figure 5. Diagram showing the circle of Lambert for May 1st as it
intersects the analemmatic sundial
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Sources
1. http://dlharbour.ie/projects/analemmatic-sundail/ ‒ The Dun Laoghaire Harbour project.
2.http://thatsmaths.com/2012/08/16/analemmatic-sundials/ ‒ a blog written by Peter Lynch which
also appears in The Irish Times newspaper.
3.http://plus.maths.org/content/os/issue11/features/sundials/index ‒ Online maths magazine Plus;
Analemmatic sundials: How to build one and why they work, by Chris Sangwin and Chris Budd.
4. Irish Mathematical Society, Bulletin No. 69, Summer 2012; The equation of time and the
analemma, (47-56), Peter Lynch; [online at http://www.maths.tcd.ie/pub/ims/bull69/index.php].
5. http://en.wikipedia.org/wiki/Position_of_the_Sun ‒ Wikipedia.
6. http://analemmatic.sourceforge.net/cgi-bin/sundial.pl ‒ A sundial generator applet.
7. http://aa.usno.navy.mil/faq/docs/eqtime.php ‒ U.S. Naval Observatory.
8. http://aa.usno.navy.mil/faq/docs/rs_solstices.php ‒ U.S. Naval Observatory.
9.http://aa.usno.navy.mil/data/docs/geocentric.php ‒ Equation of Time data U.S. Naval
Observatory.
10. http://www.wsanford.com/~wsanford/exo/sundials/equation_of_time.html ‒ Mean values for
the Equation of Time.
1 1 . h t t p : / /w w w . w s a n f o r d . c o m /~ w s a n f o r d / s u n d i a l s /t e m p / it s - a b o u t - t i m e /
FS_SundialAndGeometry.pdf ‒ The Sundial and Geometry: An Introduction for the Classroom
(2nd Ed.), Lawrence E. Jones, NASS (North American Sundial Society), 2005.
12. http://www.math.nus.edu.sg/aslaksen/projects/tsy.pdf , The Analemma for LatitudinallyChallenged People, Teo Shin Yeow, Singapore ‒ How the analemma appears at different
latitudes.

Many sources reference the following books for more detailed work on this subject:
Milne, R. M., 1921: Note on the Equation of Time, The Mathematical Gazette, 10, 372-375;
Meeus, Jean; Astronomical Algorithms, Willmann-Bell, 1998;
Duffett-Smith, Peter; Practical Astronomy With Your Calculator, Cambridge University Press,
1979.
The graphs and the globe illustration in Part 3 were produced in GeoGebra.
Neil Hallinan
Dublin Branch
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GLOSSARY
Alt itude of the sun

Angle between the horizon and centre of the sun; solar elevation.

Analemma

Curve representing the sun's positional deviation from average at a fixed time.

Analemmatic

Based on the analemma.

Aphelion

The date when the earth is furthest from the sun (c. July 5).

Azimuth

Angle along horizon measured clockwise from True North.

Celestial Equator

An projection/extension of the Earth's equator into space.

Circles of Lambert

A geometric method of finding sunrise/set times from the analemmatic sundial.

Daylight Saving Time

Clocks put forward. Summer Time. Started in 1916 in Germany.

Declination

Angle of the sun above/below the celestial equator.

Eccentricity

A measure of how circular a shape is. 0 for a circle.

Eclipt ic

Plane of the earth's orbit around the sun. 23.44 0 tilt to plane of equator.

Ellipse

A closed curve. Two focal points. Distance sum to focal points is constant.

Equation of Time

Time differences between actual sun-time and average sun-time (clock-time).

Equinox

The dates when the sun is directly over the equator. (c. March 20, Sept 22).

First Po int of Aries

Intersection point of ecliptic and celestial equator. Defines vernal equinox.

Greenwich Mean Time

Synchronisation of mean solar time: 1880, UK; 1916 Dublin; ('till 1972 UTC).

Gnomon

An object which casts a shadow on a sundial to point to time-markers.

Hour circle

Analogue of meridian on earth, a 'meridian' in the sky [Not in text].

Latitude

The angle above/below the equator for places on earth.

Longitude

The angle East/West of the Prime Meridian at Greenwich, London.

Magnetic Declination

The angle of deviation East/West from true North to magnetic North.

Meridian

A line of longitude. Running pole -to-pole North/South for 1800 .

Noon

Solar noon is when the sun crosses the merid ian; Clock noon= 12 o'clock noon.

Nutation

The periodic 'nodding' of the earth's axis as it spins. Affects the equinoxes.

Obliquity

The tilt of the earth away from the plane of its orbit around the sun (c. 23.4 0 ).

Old Time

Colloquial name for Greenwich Mean Time or Winter Time.

Orbit

The path of the earth around the sun. Slightly elliptical.

Perihelion

The date when the earth is nearest the sun (c. January 2).

Precession

Cyclic movement of the earth's axis (c. 1 0 per 72 years).

Right Ascension

Timed angle eastwards on celestial equator from F. P. of Aries to hour circle.

Scale of Dates

Gnomon points on the N/S axis of the analemmatic sundial.

Solar Time

The time using d irect observation of the sun's position.

Solstice

'Sun still'; The dates when the sun has highest/lowest declination.

Summer Time

Standard Time (law) in Ireland; UTC+1 hour; Last Sun March - last Sun Oct..

Sundial

An object constructed to use shadows to indicate time.

Western European Time WET. Un iversal Coordinated Time (UTC) for Western Europe.
Zenith - Nadir

Directly overhead/highest point; directly underneath/lowest point . [Not in text]
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IN NEED OF MENTAL STIMULATION?
Jakow Trachtenberg (1888-1953) was born on Odessa in the Russian Empire — present day
Ukraine. He was the founder of the Mathematical Institute in Zurich, Switzerland.
Trachtenberg was the originator of a startling new system of arithmetic. He was of the firm
opinion that everyone comes into the world with “phenomenal calculations possibilities”.
The Trachtenberg method is not only speedy but simple. Once one has mastered the rules,
lightening calculation can be achieved.
Trachtenberg originated his system of simplified mathematics while spending years in German
concentration camps as a political prisoner. In these camps he did not have access to books,
paper, pen or pencil, but relied solely on his mind. He believed that mathematics was the key to
precise thinking.
Once you master the rules you should find the calculations a magnificent source of mental
stimulation. So put away the calculator and enjoy the experience!
Trachtenberg also developed a speed system for long multiplication.
Seans go mbeidh lá eile againn……..?

A: Multiplication by 11
Rules : 1)
The last digit of the number to be multiplied (multiplicand) is put
down as the right-hand figure of the answer.
2)
Each successive digit of the multiplicand is added to its neighbour at
the right.
3)
The first digit of the multiplicand becomes the left-hand digit of the
answer.
To avoid missing a step always place a zero at the start of the number and write the answer
underneath the multiplicand.
Example 1

0235 x 11
2585

Step 1: Write down the 5; the number now is xxx5.
Step 2: Sum 3+5 = 8; write down the 8; the number now is xx85.
Step 3: Sum 2 + 3 = 5; write down the 5; the number now is x585.
Finally write down the 2. The answer is 2585.

Example 2

0632134 x 11
6953474 ……. Answer
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076327 x 11
839597

Step 1: write down the 7; the number now is xxxxx7.
Step 2: Sum 2+7=9; number now is xxxx97.
Sum 3+2=5; number now is xxx597.
Sum 6+3=9; number now is xx9597.
Sum 7+6=13;write down the 3, carry the 1; number now is x39597.
Step 3: Sum 7 + the carry 1 = 8; write down the 8; The answer is 839597.
Using the rules write down the answer to the following:
(a) 076327 x 11
(b) 0876359x11
(c) 0976158 x11

B: Multiplication by 12
Rule: Double each digit in turn and add it to its neighbour on the right.
Example 1

0214 x 12
2568

Step 1: Start with the 4; it has no neighbour so just double it. Number now is xxx8.
Step 2: Double the 1, add it to 4; 2 +4 =6. Number now is xx68.
Double the 2, add it to 1; 4 +1 =5. Number now is x568.
Double the 0, add it to 2; 0+2 =2. Answer is 2568.
Example 2

0865x12
10380

Step 1: Start with the 5 and double it. We get 10. Write down the 0 and carry 1.
Number is xxx0
Step 2: Double 6, add to 5 + the carry 1. 12 + 5 + 1 =18.
Write down the 8 and carry the 1. Number now is xx80
Double the 8, add to 6 and the carry 1. 16 + 6 +1 = 23
Write down the 3 and carry the 2. Number is x380.
Double the 0, add to 8 and the carry 2. 0 + 8 + 2 =10. The answer is 10380.

Half a digit
The idea of a “half” digit: DIVIDE BY 2 AND IGNORE THE REMAINDER.
For example 4/2 = 2, 3/2 = 1, 5/2 = 2, etc.
C
Multiplication by 6
Rule: For even digits add “half” its neighbour to each digit.
For odd digits add “half” its neighbour + 5 to each digit.
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0246 x 6
1476

Step 1: 6 has no neighbour so just write it down. Number now is xxx6.
Step 2: Add 4 to half of 6; 4 +3 =7. Number now is xx76.
Add 2 to half of 4; 2 + 2 = 4. Number is x476.
Add 0 to half of 2; 0 + 1 =1. Answer is 1476.
Now try these using the rule: (a)
(b)
Example 2

062862 x 6
02684684x6

0324 x 6
1944

Step 1: 4 has no neighbour; just write it down. Number now is xxx4
Step 2: Add 2 to half of 4; 2 +2 = 4. Number now is xx44.
3 is odd. Add 3 to 5 and half of 2. 3 + 5 +1 =9. Number now is x944.
Add 0 to “half” of 3; 0 +1 =1. The answer is 1944.
Example 3

063574 x 6
381444
Step 1: 4 has no neighbour. Just write it down. Number now is xxxxx4
Step 2: 7 is odd. Add 7 +5+ half of 4. 7 +5+2 =14. Write down the 4 and carry the 1.
Number now is xxxx44.
5 is odd. Add 5 + 5 + “half” of 7 + carry 1 =14. Write down the 4 and carry the 1.
Number now is xxx444.
3 is odd. Add 3 + 5 + “half” of 5 + carry 1 = 3 +5 + 2 + 1 =11.
Write down the 1 and carry 1. Number now is xx1444.
Add 6 + “half” of 3 + carry 1 = 6 + 1 +1 =8. Number now is x81444
Add 0 to half of 6 = 0 + 3 = 3. The answer is 381444

D. Multiplication by 7
Rule: Double a digit and add “half” its neighbour; also add 5 if the digit is odd.
Example 1

0246 x 7
1722

Step 1: 6 has no neighbour; just double it to get 12. Write down the 2 and carry the
1, giving xxx2
Step 2: Double the 4 add half of 6 + the carry 1= 8 + 3 + 1 =12. Write down the 2 and
carry the 1. The number now is xx22.
Double the 2, add half 4 + the carry 1 = 4 + 2 + 1 = 7.
The number now is x722.
Double 0, add half of 2 = 0 + 1 =1. The answer is 1722.
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03542 x 7
24794

Step 1: 2 has no neighbour; just double it to get 4. The number now is xxxx4.
Step 2: Double the 4, add half of 2; 8 +1 = 9. The number now is xxx94.
5 is odd; double the 5, add 5, add half 4= 10 + 5 + 2 =17.
Write down the 7 and carry the 1. The number now is xx794.
3 is odd; double the 3,add 5, “half” of 5 and the carry 1 = 6 + 5 +2 +1 =14.
Write down the 4 and carry the 1. The number now is x4794.
Double the 0, add “half” of 3 and the carry 1 = 0 + 1 + 1 = 2.
The answer is 24794.
Now try the following using the method you have learned:
(a)

0763579x7

(b)

06437967 x 7

(c)

03672163 x 7

E. Multiplication by 5
Rule: Half the neighbour and add 5 if the digit is odd.
Example 1

0264 x 5
1320

Step 1: 4 is even; there is no neighbour; half of 0 =0. The number now is xxx0
Step 2: 6 is even; get half of 4 = 2. The number now is xx20.
2 is even; get half of 6 = 3. The number now is x320.
0 is even; get half of 2 = 1. The answer is 1320.
However if there is an odd digit in the multiplicand we would need to add a 5.
Example 2

0436 x 5
2180

Step 1: 6 is even; there is no neighbour; half of 0 =0. The number now is xxx0
Step 2: 3 is odd; get half of 6 and add 5 + 5 =8. The number now is xx80.
4 is even; get “half” of 3 = 1. The number now is x180.
0 is even; get half of 4 =2. The answer is 2180.

Now for some quick multiplications using the rule:
(a)

04732 x 5
23660

(b)

07967 x 5
39835

(c)

096247 x 5
481235

F. Multiplication by 9
Rule: (1)
Subtract the right-hand digit of the long number from 10.
This gives the right most digit of the answer.
For example, in 5738 subtract 8 from 10. SAY 2.
(2)

Take each of the following digits in turn up to the last one and
subtract it from 9 and add the neighbour.
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At the last step, when you are under the zero in front of the long
number, subtract 1 from the neighbour and use the answer as the lefthand digit of the answer.

Of course, if there is a carry it must be added in in the usual way.
Example 1

0763 x 9
6867

Step 1: take 3 from 10, say 7. The number now is xxx7.
Step 2: take 6 from 9 and add 3 = 3 +3 =6. The number now is xx67.
Take 7 from 9 and add 6 = 2 + 6 =8. The number now is x867.
Take 1 from 7, giving 6. The answer is 6867.
Example 2

086798 x 9
771182

Step 1: Take 8 from 10. SAY 2. The number now is xxxxx2.
Step 2: Take 9 from 9 and add 8 = 0 + 8 = 8. The number now is xxxx82.
Take 7 from 9 and add 9 = 2 + 9 ==11. Write down 1 and carry 1.
The number now is xxx182.
Take 6 from 9 add 7 and the carry 1= 3 + 7 + 1 =11.
Write down 1 and carry 1. The number now is xx1182.
Take 8 from 9, add 6 and the carry 1= 1 +6 + 1 =8. the number now is x81182.
Take 1 from 8 giving 7. The answer is 781182.
G: Multiplication by 8
Rules:
(1)
Subtract the right-most digit from 10 and double it.
(2)
For the middle digits subtract each in turn from 9; double the
result and then add the neighbour.
(3)
Subtract 2 from the left-most digit.
Example 1

0673 x 8
5384

Step 1: Subtract 3 from 10. SAY 7. Double 7 = 14. Write down the 4 and carry the 1.
The number now is xxx4.
Step 2: Subtract 7 from 9. SAY 2. Double 2 = 4. Add 3 + the carry 1= 4 + 3 + 1 =8.
The number now is xx84.
Subtract 6 from 9. SAY 3. Double 3 = 6; add 7; 6 + 7 = 13. Write down the 3
and carry the 1. The number now is x384
Step 3: Take 2 from 6, giving 4; add the carry 1. 4 +1 =5. The answer is 5384.
Using the rules work out the following as fast as you can:
(a)

079368 x 8

(b)

0673596 x 8

(c)

0796743 x 8
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H:
Multiplication by 4
Rules: (1)
Subtract the right-hand digit of the given number from 10; also add 5
if the digit is odd.
(2)
Subtract each digit of the given number from 9, add half the
neighbour and add 5 if the digit is odd.
(3)
Under the zero in front of the given number write half the neighbour
of this zero, less 1.
Example 1

021764 x 4
87056

Step 1: Subtract 4 from 10. SAY 6. The number now is xxxx6.
Step 2: Subtract 7 from 9. SAY 2. Add half of 6. 7 is odd so add 5. 2 + 3 + 5 = 10.
Write down 0 and carry 1. The number now is xxx06.
Subtract 1 from 9. SAY 8. Add “half” of 7. 1 is odd so add 5. Add the carry 1.
8 + 3 + 5 + 1 = 17. Write down the 7 and carry 1. The number now is xx706.
Subtract 2 from 9. SAY 7. Add “half” of 1 and the carry 1. 7 + 0 + 1 = 8.
Step 3: Get half of 2 less 1. 1 – 1 = 0. No need to write 0.
The answer is 87056.
Example 2

0767894 x 4
3071576

Step 1: Subtract 4 from 10. SAY 6. The number now is xxxxxx6.
Step 2: Subtract 9 from 9. SAY 0. Add half of 4. 9 is odd so add 5. 0 + 2 + 5 = 7.
The number now is xxxxx76.
Subtract 8 from 9. SAY 1. Add “half” of 9. 1 + 4 = 5. The number now is
xxxx576.
Subtract 7 from 9. SAY 2. Add half of 8. 7 is odd so add 5. 2 + 4 + 5 = 11
Write down 1 and carry 1. The number now is xxx1576.
Subtract 6 from 9. SAY 3. Add “half” 7 and the carry 1. 3 + 3 + 1 = 7.
The number now is xx71576.
Subtract 7 from 9. SAY 2. Add half of 6. 7 is odd so add 5. 2 + 3 + 5=10.
Write down the 0 and carry the 1. The number now is x071576.
Step 3: Get “half” of 7 less 1 and add the carry 1. 3 - 1 + 1= 3.
The answer is 3071576.

Try using the rules with this: 057967 x 4

Reference :
Trachtenberg Speed System of Basic Mathematics, translated and adapted by Anne Cutler and
Rudolf McShane, Pan Books.
Michael Moynihan
Cork Branch
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Comórtas Sóisearach Matamaitice Éireann
2013
Organised by

The Irish Mathematics Teachers Association
FINAL
Time : 1 HOUR
Instructions
1.

Do not open the examination until you are told to do so.

2.
You are permitted to use a calculator The use of graph (squared) paper is not allowed. You may use
rulers, compasses and paper for rough work.
3.
Be certain that you understand the coding system for your answer sheet. If you are not sure, ask the
supervisor to explain it.
4.
This is a multiple choice test. Each question is followed by five possib le answers marked A,B,C,D and E.
Only one of these is correct. When you have decided on your choice, enter the appropriate letter on your answer
sheet for that question.
5.

Scoring:
Each answer is worth 5 marks in Section A, 6 marks in Section B, and 8 marks in Section C.
There is no penalty for an incorrect answer.
Each unanswered question is wo rth 2 marks to a maximum of 10 marks.

6.

Diagrams are not drawn to scale. They are intended as aids only.

7.

Please do not begin until you are instructed , you will have 1 HOUR of working time.
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Section A
1)

(D)

37.5

(E)

375

(B)

€2

(C)

€3

(D)

€4

(E)

€5

20

(B)

24

(C)

30

(D)

36

(E)

40

3

(B)

4

(C)

5

(D)

6

(E)

7

1
2

(B)

1
3

1
4

(C)

(D)

1
6

(D)

1
12

1 1 1 1 1 1 5 3
       is
2 4 5 6 5 2 6 4

4

1
2

(B)

3

(C)

2

(B)

1
5

(C)

1
4

(D)

1
6

(E)

1
8

From all the 3-digit numbers where the sum of their digits is 8, the largest and the
smallest are chosen. What is is their sum?
(A)

9)

25

2
2
5
(D)
(E)
3
2
3
3
6
Two pairs of shoes have been thrown on to the floor of a dark closet.
There is no light. One pair is newer than the other.
If you pick up the first two shoes that you feel what is the probability
that the two shoes you pick will belong to the newer pair?

(A)

8)

€1

The value of

(A)
7)

(C)

Dave buys a large bar of chocolate. He eats half of it on the first day. On the second day
he eats one third of the remaining part. What fraction of the bar is still uneaten?
(A)

6)

15

What is the greatest number of Mondays that can occur in a 36 day period?
(A)

5)

(B)

John and Mary got a job stacking cans on a shelf. Altogether they stacked 60 cans.
If John stacked three cans for every two that Mary stacked, how many cans did Mary
stack?
(A)

4)

3.75

Four ice-creams cost €6 more than one ice-cream. What is the cost of one ice-cream?
(A)

3)

5 Marks

75 is 20% of what number?
(A)

2)
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707

(B)

907

(C)

916

(D)

1000

(E)

1001

Four athletes are the only participants in each of eight events at an athletics meeting.
For each event three medals are awarded. If each of these four athletes wins the same
number of medals how many medals did each athlete win?
(A)

3

(B)

4

(C)

5

(D)

6

(E)

8
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10)

A list is made of every digit that is the units digit of at least one
prime number. How many numbers in the answers appear in the list?
(A)

Section B
11)

3

(D)

4

(E)

5

6 Marks

9

(B)

32

(C)

3

(D)

8

(E)

961

6

(B)

19

(C)

35

(D)

36

(E)

51

2

(B)

3

(C)

4

(D)

5

(E)

6

5

(B)

7

(C)

13

(D)

17

(E)

21

Sam found an old book in the attic. When he opened it, there was page 24 on the
left side and page 45 on the right. How many sheets of paper were missing
between these two pages?
(A)

16)

(C)

In my street there are 17 houses. John lives in the last house on the even side, it is
number 12. His cousin lives in the last house on the odd side. What is the number
of his house?
(A)

15)

2

If X and Y represent positive whole numbers and X + Y = 11 what is the value of
3 4 12
X + Y?
(A)

14)

(B)

A man has 51 socks in a drawer , 17 black , 17 blue and 17 white. Without looking how
many socks must he take out in order to be certain to have a pair of socks of each colour?
(A)

13)

1

I think of a positive number, square it, add 12 , halve the answer and now find that
I get 38. What was the original number?
(A)

12)
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24

(B)

21

(C)

11

(D)

10

(E)

9

The positive whole numbers from 1 to 3000 are arranged in columns in the pattern shown
below. Please note that 2, 9 and so on are in column C. Under what letter
will 2013 appear?
A
1

B

C
2

7
8

A

(B)

9

C

E
3

6

14

(A)

D

10

E

G
4

5

13

(C)

F

11
12

(D)

F

(E)

G
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17)

Which of the three numbered puzzle pieces should be added to the
picture to complete the square?

(A)

18)

1,3,4

4

1,3,6

(C)

2,3,5

(D)

2,3,6

(E)

2,5,6

(B)

6

(C)

8

(D)

10

(E)

12

A group of students were planning a trip. If each of them paid €14, then they
would be €4 short to pay for the trip. If each of them paid €16, they would have
€6 more than they needed. How much should each pay so that they would have
the exact amount for the trip?
(A) €14.40

20)

(B)

A prime number is a whole number greater than 1 that can be divided only by
itself and 1. What is the smallest positive even number that can be expressed as
the sum of exactly two prime numbers, possibly equal, in more than one way?
(A)

19)
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(B) €14.60

(C) €14.80

(D) €15

(E) €15.20

John and Sarah both bought stamps for their collections. Each stamp
John bought costs him €1.10 and Sarah paid 70 cent for each of her stamps.
Between them they spent exactly €10.
How many stamps did they buy in total?
(A)

9

(B)

10

(C)

11

(D)

12

(E)

13
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Section C
21)

24)

(B)

36

(C)

39

(D)

40

(E)

41

2100

(B)

1932

(C)

1960

(D)

2001

(E)

2030

Sam forms two four digit numbers using each of the digits 1, 2, 3, 4, 5 ,6, 7 and
8 exactly once. She wants to make the sum of the two numbers as small as
possible.
What is the value of the smallest possible sum?
(A)
2468 (B)
3333 (C)
3825 (D)
4734 (E)
6912
A group of scouts went on an expedition. At dinner each tin of soup was shared
between 2 scouts, each tin of tuna was shared between 3 scouts and each tin of
rice was shared between 4 scouts. Each scout had all three courses and all the tins
were emptied. The scout leader opened 156 tins in total.
How many scouts were on the expedition?
(A)

25)

29

The sum of 41 consecutive whole numbers is 2009. If we multiply
the smallest and the largest of these numbers the answer is
(A)

23)

8 Marks

A whole number is divisble by 3 if the sum of its digits is divisible by 3. A
three digit number has all digits odd.
How many of these numbers is divisible by three?
(A)

22)
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120

(B)

144

(C)

156

(D)

180

(E)

288

THIS IS ONE GREAT CHALLENGE IN MATHEMATICS
Every minute, the first letter of each word is moved to the other end of the word. After
how many minutes will the orginal sentence first reappear?
(A)

422

(B)

880

(C)

1264

(D)

1800

(E)

1980
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I.M.T.A. (Cork Branch)

Comórtas Sóisearach Matamaitice Éireann
(Irish Junior Mathematics Competition) 2013
ANSWER KEY (Final)
SECTION A

1.
2
3.
4.
5
6
7.
8
9.
10

E
B
B
D
B
B
D
B
D
D

SECTION B

11.
12
13.
14.
15.
16.
17.
18.
19.
20.

D
D
B
E
D
E
D
D
C
D

SECTION C

21.
22.
23.
24.
25.

E
D
C
B
E
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TOP SCORES IN THE IRISH JUNIOR MATHEMATICS COMPETITION, 2013
Place

Name

Surname

School

Contact

Centre

1

Mark
145

Luke

Quigley

Colaiste Chríost Rí

Susan O'Connell

Cork

2

139

Pádraig Ryan

Ardscoil Rís

Paula Reidy

Limerick

3

136

Amy

3

136

Nicholas Pochinkov

St Gerard's

Eimear O'Regan

Dublin (Mount Anville)

4

134

Callum

Spicer

Ardscoil Rís

Paula Reidy

Limerick

5

133

Grace

Dolan

Holy Faith, Clontarf

Miriam Kearney

Dublin (Castleknock)

6

131

Amy

Heatley

Rathdown School

Rod Green

Dublin (Mount Anville)

7

128

Adam

Frank

Gortnor Abbey

Deirdre Fahy

Mayo

8

125

Ben

Kinsella

Avondale CC

Rosmarie Griﬃth

Dublin (Mount Anville)

8

125

Gavin

O'Neill

Gonzaga College

Paul Kieran

Dublin (Mount Anville)

9

124

Naomi

Tilles

Holy Child, Killiney

Lisa Burton

Dublin (Mount Anville)

10

123

Killian

Conynham

St Killian's

Niamh O'Gorman

Dublin (Mount Anville)

10

123

Cian

Mc Donnell

Crescent College

Cliona Gleeson

Limerick

10

123

Cathal

Murray

Calasantus College

Caitriona Naughton

Galway

10

123

Jack

Murray

Patrician, Newbridge Breda Disney

Tullamore

10

123

James

Walshe

Glanmire CC

Liam Young

Cork

11

121

Áine

Bourke

Cashel CS

Margaret Cully

Clonmel

11

121

Laura

Kendrick

Newpark

Ellen Lawless

Dublin (Mount Anville)

11

121

Igor

Lewandowski

Patrician, Newbridge Breda Disney

Tullamore

11

121

Anna

Mustata

Bishopstown CS

Mary Sheahan

Cork

11

121

Edward O'Reilly

Falcarragh CS

Anne Langan

Donegal

12

119

Enda

Ardscoil Rís

Paula Reidy

Limerick

13

118

Hannah Allsopp

Mount St Michael's

Marie Moran

Mayo

13

118

John

Burke

Malahide Cs

Gina Hyland

Dublin (Castleknock)

13

118

Andrea

Tessrova

Banagher College

Eve Clarke

Tullamore

14

117

David

Gilmar n

Kings Hospital

Corina Geraghty

Dublin (Castleknock)

15

116

Isabel

Doyle

St Louis, Monaghan

Joanne Myers

Monaghan

15

116

Conor

Durkin

Hamilton HS

Declan Hayes

Cork

15

116

Ronan

Kirby

Gonzaga College

Paul Kieran

Dublin (Mount Anville)

15

116

Darragh Stapleton

Castletroy College

Audrey Carroll

Limerick

Ní Heifearnáin Coláiste Choilm

Roche

Mary Collins -Holmes Cork
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Comórtas Sóisearach Matamaitice Éireann 2014
(Irish Junior Mathematics Competition 2014)
First Year Students 2013/14

Eligibility
Format

One set of question papers and answer key will be posted to each
participating school some days before the competition date.
Each school will be responsible for photocopying the question paper
and administering the First Round.

First Round

Wednesday, March 5th, 2014 Time : 40 minutes
April/ May 2014

Final

The top students from the First Round may be invited to compete in the Final at venues to be arranged, provided a
certain standard is reached.
Entrance fee

€35 per school (cheques payable to MICHAEL MOYNIHA N)

If you wish your school to participate please return the completed Registration Form with the fee no later than
November 29 th 2013 [Due to later date of this publication please check re late entries. Ed.]
Applications received after this date may not be accepted.
Applications should be sent to:
Michael D. Moynihan (Mícheál D. Ó Muimhneacháin)
“Drumacoo”,
Leemount,
Carrigrohane,
Co. Cork.
Phone : 087-2860666 / 021- 4870362 (Evenings)
email mmoynihan@eircom.net
_______________________________________________________________

Registration Form 2014
Name of Teacher:___________________________________________________
School:__________________________________________________________
School address_____________________________________________________
Phone number________________(Home)__________________________(School)
School Fax number_____________________ email address___________________
Approximate number of students participating_______________________________
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REVIEW OF 'themathstutor.ie' AS A
TEACHING AND LEARNING RESOURCE
With the growth of smartphone and tablet usage, there have been some interesting developments
in the area of e-learning. With the introduction of the Project Maths syllabus, teachers are
looking for new resources to support their teaching and allow students gain different
perspectives on mathematical concepts. Recently, a new system entitled ‘themathstutor.ie’ has
been developed to meet the needs of the modern generation who are more likely to search for
assistance online when seeking clarification on a problem. Given how much time students spend
on social media, it’s an easy transition for them to start learning online.
I used this new system from the perspective of a teacher to see how it would benefit both
students and teachers. Very often parents will approach the mathematics teacher and ask an
opinion of a particular resource. This review outlines my experience of using this method of
teaching and learning mathematics. Unlike a lot of other websites, which were designed with
English or American education systems in mind; this one is aimed specifically for use with the
Irish syllabus. Instead of having to navigate through a large volume of extraneous material, all
the detail is relevant and useful. I particularly like the fact that all years and levels are catered
for. Lessons ranging from Junior Cert. Ordinary Level to Leaving Cert. Higher Level are
provided. It caters for all five strands of Project Maths, which allows one to focus on areas that
are of immediate concern while enabling revision of more comfortable areas. As teachers we
often get tunnel vision, focusing on the particular level of the subject that we are teaching. Using
a system like this allows the teacher to get an overview of the syllabus quickly whether we are
actually teaching a particular level or not. Someone who has retired from the profession recently
could log on and see how the syllabus has changed using this resource. Similarly, a pre-service
teacher or one returning from a different country could use this system to get up to speed with
Project Maths as it now stands in the classroom.
The lessons are video based and you can stop, pause or repeat them as many times as you wish.
Students can often complain that things progress too quickly and this allows them to control the
pace of the lesson. It’s beneficial that the lesson focuses on one key concept which is typically
just ten minutes long. The advantage of this is that the student is kept engaged and the succinct
timing avoids the risk of getting bored or losing attention. It would be easy to use advanced
models from GeoGebra but the tutor uses diagrams that are produced by hand. I think this makes
the lesson more accessible and does not detract from the concept that is being outlined. As a
teacher, I think it allows you to reflect on your practice. It gives you an opportunity to look at the
teaching of a topic as if you were sitting in someone else’s classroom. Given that teachers of a
subject are generally timetabled at the same times, it can be impossible to find an opportunity to
get insight from your peers or watch another class in action. The video lessons are a convenient
means to do just that.
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Some of the lessons that I accessed, especially at Junior Certificate, provide an enriched
experience for the student through the use of stories from the history of mathematics. While we
would all be familiar with Pythagoras, we might not be as aware of such characters as Hippasus
and his role in irrational numbers. These stories could be useful starting points for a teacher
looking for inspiration when introducing new content or looking for cross-curricular material in
Transition Year. Similarly, connections to real life are provided and situate the concept in terms
of how it can be applied in the daily life of students. Again, this is something that teachers could
make use of when considering how to teach topics.
Each lesson is followed by a quiz. It is good to see that the questions are not simply a case of
right or wrong. The answers are corrected automatically and if an error is made, then further
clarification is provided to highlight where the student might be going wrong and give further
guidance in the topic. In this way, the student learns as much from the assessment as they do
from the lesson. If this is insufficient, a forum is provided where a specific question can be
posted and more detailed assistance is provided. The forum allows the student to outline their
difficulty or confusion in their own words and get feedback from the administration. The
interaction continues until the student is able to understand the concept or solve a particular
problem. Over time the forum will prove to be a very valuable resource as it builds on the
experience of previous generations of students. What was an issue for one student in 2012 will no
doubt cause difficulty to others in future years. Again the range of material is impressive;
students have raised questions on Sets at Junior Cycle on the same board as queries on Newton’s
laws of cooling.
The system appears to be particularly suited to the dynamic nature of Project Maths. Feedback is
sought on the forum and there is evidence of material being reviewed and updated. It is clear that
the system is evolving, in line with the needs of students and teachers. Plans for the future
include the gradual introduction of a PDF overview of each lesson which will allow students to
decide quickly if it is necessary to revise a particular topic or not, something that would be
especially effective when coming close to examinations. Last year, ‘Operation MathsFormation’
was run weekly for eleven weeks at the end of the academic year. These were webinars, seminars
delivered over the web, with one lesson provided for each of the examination levels right up to
the examinations. It is planned to deliver these again, which could be very beneficial for students.
Details of membership can be found at www.themathstutor.ie and a special discount is available
for groups. Students can access the entire Probability course free of charge, in order to try out the
system and get familiar with e-learning before deciding to commit to full membership. Teachers
can avail of complimentary membership upon request. This could be a very useful resource for
students looking to do extra work or gain additional assistance while learning at their own pace.
It would also be beneficial to a teacher who wishes to get new ideas or even a fresh perspective
on the Project Maths syllabus.
Brendan O’Sullivan

Cork Branch
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Comenius Project: Is E-learning in Maths for
Students Across Europe Possible?
Background
This article describes the experience of an Irish school, St. Vincent’s Castleknock College,
Dublin 15, who participated recently in a two-year e-learning Comenius project in Mathematics.
During the project students and teachers used the e-learning platform Moodle and the Maths
software M@th Desktop. Ten schools from ten European countries (Austria, the Czech Republic,
Finland, Ireland, Lithuania, Norway, Poland, Romania, Spain and Turkey) joined together for the
two-year Comenius project entitled 'Mathematics: E-learning and Math-Projects for Students and
Teachers Across Europe'. Dr Reinhard Simonovits from Graz, Austria, was responsible for the
pedagogical and didactical coordination of the project.
The five most important objectives of this project were:
a) Incorporation of e-learning into Mathematics:
This aims to achieve a better implementation of educational standards by targeted use of modern
software (M@th Desktop (MD), based on Mathematica). All units were written in English and
German. MD assists various teaching styles by using interactive documents with demonstrations,
definitions, step-by-step examples, exercises and summary sections.
b) Use of the “blended learning” pedagogy by Maths teachers:
Blended learning is a mix of traditional and computer-based teaching. With blended learning the
teacher uses traditional teaching but also avails of the computer for certain teaching sequences.
In this way Maths instructions will become more application-oriented.
c) E-learning collaborations of students on three specific Maths topics and an Applied
Mathematics project:
E-learning is ideal for forming learning groups. In the collaborations, students worked together
on three carefully selected topics. They also worked on an Applied Mathematics project. English
was the language of communication. They exchanged ideas, data, and results with partner
students from another country.
d) Enhancement of students’ and teachers' ICT competences:
The students exchanged files and communicated using the e-learning platform Moodle. Working
with Moodle and computer-aided education increased students’ ICT skills. This is useful for their
final school assessment, studies at a university and for their later professional life.
e) Intercultural exchange involving students and teachers:
All Irish students taking part in the project got to go on at least one trip abroad to visit a partner
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school. Working in international groups, students had to communicate well with each other. They
learned about and worked with students from different social and cultural backgrounds. Teachers
got an opportunity to see at first hand education systems in general, and Maths education in
particular, in other European countries.
Before an international collaboration started between schools, students were introduced to the elearning software. During this phase of the project mathematical competences became the focus
for students. The teacher taught them some competences. The students tried to develop these
through practice during the international collaboration and, later on, during their normal school
schedule. The competences intended for students to develop consisted of different mathematical
skills:
A) Modelling and transferring.
B) Operating and usage of technologies.
C) Documenting and interpreting.
D) Arguing/reasoning and communicating.
The competence model is a 'new departure' for many Maths teachers. Incorporating a focus on
such competences may encourage teachers to adapt their teaching styles.

Moodle and Maths software

Above is a screenshot of the Moodle page of the collaboration between Dublin (Ireland) and
Mikolow (Poland) on the topic of Trigonometry.
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Moodle 2.2 was used as the e-learning platform for the student collaborations. For each
collaboration, a Moodle page was prepared and the project page was hosted at the Moodle server
of the University of Graz, Austria.

Screenshot of a Notebook and Palette of the M@th Desktop Unit on the
Sine and Cosine Rules.
During the project, students worked with M@th Desktop. The e-learning software MD consists
of 6 modules: MD, MD Functions, MD Differentiation, MD Integration, MD Linear Algebra and
MD Statistics. Each module is made up of a series of palettes and accompanying notebooks.
These are available in English and German.
In the screenshot above, you can see an example of a notebook (on the left) and a palette (on the
right). The notebooks contain the content with which students work and are used by students to
do their work with the MD program. The palettes contain a series of buttons, each preprogrammed to carry out a particular function.

With MD palettes the teacher trains students in the subject matter. The palettes themselves act as
a trainer, allowing students consolidate the taught material. With one or two palettes one can
solve a standard textbook problem. It is not exceptional that the teacher and students create their
own palettes for particular projects and tests.
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How the project was organised
The Comenius project was designed for four collaborations per school. Three of these were based
directly on MD e-learning units. At the end of the project's second and final year students worked
on an Applied Mathematics project. The results of the Applied Mathematics projects were
presented by students at the final common meeting of all partner schools which was held in
Dublin, in April 2013. The participating teachers agreed who their schools would partner at the
first common meeting of partners held in Teplice, Czech Republic, in October 2011. The
participating students usually changed from collaboration to collaboration.
This section outlines how collaboration between two countries is organised.
a) Information for students:
The initial step in organising the project was to get a team of students together who were
interested in taking part. Student participation in the project was voluntary. Academic
performance and enthusiasm for the project were considered when selecting students.
Once a team of students was put in place the teachers in the school then introduced students to
the MD program with a series of introductory classes usually outside of normal school hours.
Students were also given classes on using Moodle so as to enable them to communicate with their
partner schools once a collaboration was up and running.
b) Planning meetings:
Each individual collaboration between two partner schools begins with a planning meeting. At
the planning meeting, teachers from the cooperating schools guided students through selected
exercises and questions from the MD program, using the MD e-learning unit that was to be the
focus of that particular collaboration.
c) Learning groups:
A learning group consisted of a pair of students. Pairs were created and then the pairs exchanged
tasks on a given topic. Students set tasks for their partner and exchanged these via Moodle.
Students then corrected and commented on each other's work.
d) Communication via Moodle; working with M@th Desktop:
During a collaboration, students used Moodle as their main platform with which to communicate
with their partners. They uploaded problems using MD for their partner who then had to solve
them. This process of creating, uploading and correcting problems took approximately three to
four weeks per collaboration. The number of problems to be exchanged was decided upon during
the planning visit. In addition to using Moodle, some students also communicated via Facebook
and Skype.
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e) Evaluation of student progress:
In order to evaluate the progress of students within the topic of a collaboration, students sat an
exam at the end of the collaboration. At a designated time and date students from both schools sat
an exam which had been set by the teachers in the partner school. Students could analyse their
results by checking errors that were made and by reading the comments of the correcting teacher.
f) Student questionnaire:
After the final exam, each participating student completed a downloadable questionnaire which
sought their views on a variety of topics relating to the collaboration (i.e. why they chose to take
part, MD, Moodle, effect on interest and ability in Maths, effect on proficiency in English, views
on working with partners from another country). The questionnaire also asked students to outline
three things they liked most about the project and three things they would do to improve the
project. The completion of these questionnaires is the final activity of a collaboration.
g) Results of the evaluation of the137 students' questionnaires:
Prof. Carol Newman, Department of Economics, Trinity College, Dublin, evaluated the project.
The main results were:

The Comenius project is an innovative initiative that enriches the learning experience of all
participants. It introduces students to new technologies and new cultures, and broadens
their horizons in terms of international cooperation. The project presents mathematics in a
new way, allowing students to see its applicability to real-life problems while at the same
time making it fun and accessible. The work of all involved is highly commendable.


From the students’ perspective the aspect of the project that is received particularly well is
the inter-country cooperation and the opportunities this presents to engage with new
cultures, build links and networks of friends in new countries and to travel. Students appear
to fully enjoy and appreciate this aspect of the project and there is strong support for
extending the level of engagement between schools and partner countries in the future.



Over half of the students report that they have improved their knowledge of mathematics
and/or English as a result of participating in the project.

Conclusion
The Comenius project enriched the experience of all participants. Students were exposed to new
cultural experiences and to new technologies. They developed their teamwork skills. They also
expressed a strong desire not only to maintain the international links made but to extend them in
the future.
The new technologies were greeted positively by students. They found that these technologies
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made Mathematics easier to understand and more exciting. After initial training sessions in the
new technologies, students were able to enhance their proficiencies in the technologies. They did
this through classroom practice or independent work at home and through the exchanging of
tasks with partner students.
While generally students enjoyed using Moodle and found it easy to use, some dissatisfaction
was expressed about using Moodle as the main communication platform. There may be room in
future projects for already existing social media to be used more centrally within a project.
It was not the purpose of this project to determine the mathematical progress of students involved
in the project compared with that of their peers who had no involvement. This was due to time
and resource constraints.
Full details of the project can be found at www.comeniusmathsproject.com.

Contributors to this article: Dr. Reinhard Simonovits, Jim McElroy, James O’Loughlin and Colin
Townsend.

Colin Townsend
Dublin Branch

Maths Week Ireland
October 12 - 20, 2013
www.mathsweek.ie/

Maths Trails
www.mathswe
ek.ie/2013/
puzzles/maths
-trails
John Hooper
Medal for
Statistics
Competition
johnhooper2014
@cso.ie

SNAP Math Fair
Student centered; Non-competitive;
All-inclusive; Problem-based
www.mathfair.com

Maths Eyes Photography Competition
www.haveyougotmathseyes.com/
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Jessica’s IMO Report, 2013
The Selection Test – IRMO 2013
I'm from Donegal and selection tests for me mean spending more time than anyone really should
on a rattle-y bus to Galway beginning at 6.40 in the morning. I was surprised to find that there
were only two others sitting the exam at the centre and jealous because they both lived in Galway
and hadn’t got up at an un-Godly hour. We all agreed that the selection test was horrible and that
we had done terribly. However, we did get tea and biscuits from Jerome which cheered us up
immensely. After another spell on the 64 bus I reached home and explained to my mother that
there was no way on earth I had made the team. I discovered more proof to support this
hypothesis the next day when I realised I had misread Question Two and the answer was
extraordinarily simple. Fortunately for me everybody found the test very difficult and I managed
to come fifth – a fact I found out while out celebrating the end of the school year.

The Irish Olympiad Team, 2013
Seoirse, Luke, Jessica, Adam, Declan, Oisín
UL Training Camp
After the Leaving Certificate had finished and Declan, Adam and I had recovered, we had a 3day training camp down in Limerick. I arrived a day early (not being there at the correct time
happens a lot when you live in the middle of nowhere) and met Gordon, our Deputy Leader, for
the first time at the bus station. I had pizza and a nice sleep and with the help of about five
different friendly strangers found room A1080 the next morning. I had met Declan before – at the
pre-EGMO camp in Cork [EGMO is the European Girls’ Mathematical Olympiad. Ed.] – but I
didn’t know the rest of the guys. I found out their names and then we did maths, maths and more
maths for three days straight. We had three or four formal sessions a day with different trainers
and different topics. There was so much new mathematics I tried to understand but sometimes it
didn’t work and my brain just turned to mush ‒ specially because I seemed to know a lot less
theory than the rest of them (this is what happens when you don’t really go to training sessions).
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In the evenings we did more maths back at the apartment and I got Luke to explain theorems to
me. This is because Luke knows every single theorem, ever (I may be exaggerating but I swear it
seemed like that to me). At the end of the camp I had two copy books of maths notes and a
headache. (Said headache was not helped by the tedious bus journey back up to Donegal).
The Journey to Columbia
Our flight to Atlanta was scheduled to leave at 9 a.m., Sunday morning, so we arranged to meet
in Terminal 2 at 6 a.m. I got the one o’clock bus up from Donegal and spent an hour waiting in
the Oak Bar for the rest of the team. Everybody else brought their family along to say goodbye so
we didn’t check-in until about half-an-hour later. The flight was technically uneventful but I still
found it amazing because it was my first transatlantic flight. I sat beside Luke who put a pillow
on his head.
We had an eleven hour stop-over in Atlanta which isn’t as bad as it sounds as it gave us plenty of
time to leave the airport. We took a train to the centre of the city and I nearly walked into
someone because I had to look up at the really tall buildings. We visited Coca-Cola World and as
mathematicians were very disappointed in their “4-D” cinema. Their all-you-can-drink drinksampling area more than made up for it, though. I don’t think I have ever drunk so many fizzy
drinks in such a short space of time. Coca-Cola makes a surprisingly large number of other
drinks, the worst being a pine-nut flavoured beverage (disgusting). Somebody (forget who)
bought a frisbee and a Gordon (a round white creature that appears in Coca-Cola ads). We ate
hash browns in a waffle house, played frisbee in the Olympic Park, got soaked in a downpour,
watched Gordon expertly open a glass bottle of Coke off the side of a bin, caught a train back to
the airport and continued on our journey.
We had another stopover in Bogotá, the capital of Columbia. We passed through immigration
with no hassle and spent over ten minutes in Dunkin’ Donuts, trying to decide what to buy and
how to split the cost. I attempted to sleep stretched out on an airport bench and, when that failed,
I resorted to borrowing Adam’s book and got to page 152 in Love In A Time Of Cholera. We
were approached by a mathematician who mistook us for the American team, at first. He insisted
on taking a picture with us. We arrived in Santa Marta at 11 in the morning, local time, after over
thirty hours travelling. Santa Marta Airport is now my favourite airport, ever. It is tiny and pretty
much just a big shed. The waiting area for checking-in is basically outside and, when you’re
landing, it looks like you’re going to crash into the sea.
The First Week – Training Camp in Columbia
We stayed in a five-star resort for both weeks in Columbia and it was amazing. It was on the
coast, literally, with a mile of private beach, four pools and God knows how many bars and
restaurants.
Every morning we planned to go to breakfast at eight o’clock which is acceptably early. Except
Adam decided to go for a run in the morning – at six o’clock. And he doesn’t understand the
concept of ‘don’t-wake-Jessica-up-early-or-she’ll-be-annoyed-at-you’. Which was unfortunate.
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We began maths immediately after breakfast and then we mathsed all day (yes, ‘mathsed’ is a
verb in my world) with occasional breaks for food and swimming. We mathsed on the patio of
our little house with a small borrowed white-board and garden furniture. It was over 30o C every
day which didn’t help concentration levels. Neither did the little round fruits that dropped
sporadically from the trees around us. But we persevered, learning about cyclotomic polynomials,
phi, the other phi, graph theory and lots of geometry.
Bernd taught us for the first day, including a session where the Columbian team joined us and
made us feel slightly inferior because some of them knew a lot more maths than us. Bernd had to
leave to go and do Leader stuff and Gordon took over the training. We had another joint training
session with the Columbians (this time taught by their Deputy) and learnt all about inversion.
We stopped mathsing at around six or seven every night; then went for dinner. The pizzeria and
Italian were about ten metres from our door and between us we sampled all the pizzas except one
(forget which one). After dinner we had glorious free time and didn’t do maths. Instead we
talked, played Mao (brilliant game), played table-tennis and talked about maths. I, personally, did
not approve of the talking about maths but when you’re on a maths Olympiad team it’s bound to
happen.
We attempted to play volleyball on various occasions. Attempted. It didn’t really work. Partly
because I don’t like hitting the ball and have a tendency to just stand there and watch it roll past
me. The team from Kazakhstan also arrived early and we lost miserably to them. Then we
decided to play soccer with them on the beach. We still lost, but not as badly.
We discovered (and claimed as our own) the pool on the sixteenth floor of a hotel block. It was
awe-inspiring ‒ specially one of the first times we went up at around seven and there was the
most amazing lightning, ever. It lit up the whole sky and it was proper fork-lightning.
Gordon
We fell into the habit of naming things ‘Gordon’ in honour of our legendary Deputy Leader. Here
is a list:

The teddy from Coca-Cola world;

The air-conditioning unit in my room (Adam and Seoirse’s air-conditioning broke and
seeing as our rooms were connected we all relied on Gordon to keep us cool);

A bird with one leg and a broken beak who was the ringleader of a group of birds who hung
around the restaurant and stole food;

An iguana that we saw in the tree beside our house;
Gordon

The right side of the door-frame in my room.
the crab
It got a little bit confusing – especially when we lost teddy Gordon at the lunch table where we
pointed out bird Gordon. (We later found teddy Gordon; we left him in our first apartment and
when we moved, housekeeping found him and returned him to us).
There was also a spider Gordon that I caught in my bathroom which we were going to use to
scare Luke, Declan and Oisín, but we decided not to, because we are nice people.
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The sea was called Gordon at one point and so was a small crab that scuttled across the pavement
when we were playing table-tennis.
Santa Marta
On Friday we took a break from maths and took a hotel bus into the city. We took a picture of the
bus-stop so that we would remember it later, then spent over an hour looking for somewhere to
exchange money. Columbian pesos can be bought only in the country and most banks didn’t sell
them. When we did find a suitable establishment it took us another fifteen minutes to sort out
money as Seoirse had to put all the exchanges in his name because he was the only one of us who
thought to bring a passport.
We walked around the streets of Santa Marta and it was so different from home. There was so
much noise and hustle-and-bustle and street-traders everywhere. The guys bought jerseys for
15,000 pesos, the equivalent of about six euros. We stopped at a street-side pharmacy to buy
water and they had a lock on the fridge to stop shoplifters. The supermarket we entered had
security at the doors and T.V.s for a million pesos.
Our first stop was a stationery store where I got markers, pens and smiley-face stickers (more on
them later). Then we stepped into the main cathedral (and stepped right back out of it again as
none of us had any interest in it) and looked at the stalls that line the streets. Santa Marta is a
planned city with the roads at right angles to each other in an easy-to-remember grid formation –
which made figuring out where we were relatively simple. Gordon still stopped to ask a
policeman, just to be sure, and we found the bus-stop without a hitch by 12 o’clock. When we got
back we had lunch and then continued mathsing.
The Opening Ceremony
One word: long. There was a long line of buses to
take us to Barranquilla, a long wait for everybody
to find their buses, a long bus-journey on a badly
air-conditioned bus, a long queue to get into the
venue (some gym of a university), a long wait
once we got inside, long talks by people I don’t
know, a long procession of teams, a long dance by
the Carnival people, another long wait for the
buses and, finally, a long and tedious bus-journey
back to the resort.
If I were in charge of the IMO I would make the
Jessica and Natalia Chen (New Zealand)
Opening Ceremony half-an-hour long at most. If
people want to find out about the names of
contestants they can look at it on the internet. And, I wouldn’t have so much music and dancing. I
mean, I liked that they were showing us their culture and I liked the music the first time it was
played but it just kept going.

Page 72

IMTA Newsletter 113, 2013

Some parts of it were good – the German team threw gummy bears and the Norwegians threw
little flashlights. I also found some of the girls from EGMO and talked to the people on the Czech
team.
Paper I
We sat the first paper on the 23rd of July in a Convention Centre, ten minutes bus-journey from
the hotel. After wishing each other the best of luck, we made our way into the different halls and
waited nervously for the test to start.
Personally, I thought the paper was amazing – I actually got something correct on it. Question 2,
to be specific. About three hours in, I had nothing for either Question 1 or 2 and I decided to give
up on Question 2 and try more induction for Question 1. As I was writing my ‘this is all I know; I
give up and maybe you can salvage half a point from this’ page I realised that if you arranged the
dots in a circle alternating between blue and red, you would always need 2013 lines. It took me
ages to write this down in an understandable way and double-check that it was correct. Then
there was half-an-hour left and I hadn’t shown that 2013 always works and the way I thought
would work didn’t and I just wrote down everything I could think of. I was pretty sure I had
about half-marks but Bernd is an amazing Leader and he convinced the co-ordinators that among
all my messy diagrams and scribbles I had a full solution.
Paper 2
Paper 2 didn’t go too well for me – I got nowhere on the questions I attempted but I wasn’t very
disappointed – I was still happy about the first paper. Declan and Adam both got Question 4 but
in two different ways which is fairly impressive, in my opinion.
My Roommates 

The House

I stayed in a bungalow with Vlatka from Croatia and Susan from
Indonesia. They were both really nice and friendly but we ended up
rarely seeing each other because we were always busy with our
teams. We played frisbee with the Croatian team at the beach one
day and water-polo with half their team another day (actually Vlatka
and I stood in the water to the side and talked while the guys took
sport seriously(ish)). Both the girls got bronze medals in 2012 but
this year Vlatka was one point off a Bronze and Susan did amazingly
well and got a Silver, I think.
The guys got an apartment in one of the tower blocks with a balcony
and hammock. I would have been jealous except I spent the majority
of my time there and hence there was no need to be. They also got a
kitchen area complete with a full set of knives and a useful washingmachine.
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Basketball
After the mental drain of the IMO papers we found a suitable physically draining activity –
playing basketball in the boiling heat. It was an excellent way of not thinking about what we
should have written for a given question and of meeting other teams.
We played half-court to minimise the running we would have to do and played 3-on-3, 4-on-4 or
5-on-5 depending on how many people showed up. Declan actually plays basketball and the rest
of us were ok due to being tall (Oisín, Seorise and Luke), being able to shoot 3-pointers (Adam)
and being able to score bank-shots (me). Benedikt, from the Icelandic team, plays on a semiprofessional team so he was amazing and one of the Lithuanian guys even brought proper
basketball shoes with him to the IMO. There was also an Israeli guy who played 2-on-1 against
me and Declan and won. So we had to play him again and the second time he lost by one point.
The Kazakhs played one evening and we had to beat them to make up for our previous failure in
volleyball.
Declan and I played basketball for at least two hours on Tuesday evening, Wednesday evening,
Thursday evening and Friday evening. The rest of the team were not quite as enthusiastic but we
replaced them with random people from other teams (and a lifeguard from the hotel).
The Icelandics
We spent a lot of time with the team from Iceland
because it’s spelt like Ireland with a different second
letter. That’s what Ada and I figured out towards the
end of the week. It could also have been because they
were friendly, nice, and funny and could speak
brilliant English. The only problem was that their
names are very difficult to pronounce. We got around
this problem by giving them new names. (In fairness,
Luke had no problem at all with the strange names or
any pronunciation of weird words, but he’s Luke).
There was Basketball Thor, Talkative Thor, Sunburnt
Thor, Tall Thor and Generic Thor (we ran out of
adjectives). Ada is short for Aðalbjörg which I tried
to say and made her laugh.
Talkative Thor was, as you may have guessed, very
talkative. In fact, he was rarely quiet. In Iceland they
don’t have a word for ‘please’ (or this is what they
The Icelandics with the Irish
told me, anyway) so Asgeir (his real name) claimed
that it was part of his cultural heritage to never say ‘please’. He used that excuse for a lot of
things, such as ‘borrowing’ things from people (the Vikings used to do that so why shouldn’t
he?).
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Ingerid
Ingerid is from the Norwegian team, one of two girls, and she’s awesome. I met her at EGMO
this year and we agreed that if we both made our IMO teams we would have a chocolate party.
Unfortunately, we kept forgetting to bring the chocolate with us when we met up so our plan
failed. We have since decided that if I am ever in America (she just moved to Texas and is going
to college in the States) or if she is ever in Ireland we have to meet up to eat chocolate.
The rest of the Norwegian team were excellent at juggling and had a pile of keyring flashlights to
distribute. I have nine of them. They brought a doctor along with them (Kari’s dad) which was
fortunate as a third of their team caught a virus and spent a lot of time lying in bed.
Ada, Ingerid and I spent lots of time together, especially on Saturday. This is because Ingerid was
given a keycard to the Icelandic room and ‘forgot’ to give it back. Unfortunately, we are very
uninventive and couldn’t think of an original trick to play on them so instead we got up at six and
stole their shoes. We had plenty of time to kill so we went swimming, chatted, had breakfast and,
eventually, returned the shoes to the Icelandic people.
Buying Coffee
On Saturday morning there was an option to take a bus into Santa Marta. We used this
opportunity to buy souvenirs for our families, seeing as we had forgotten to do that the first time
we went into the city. It appeared that everyone had the same idea (great minds think alike – or so
I’m told) and therefore we had to wait over an hour for a bus.
We brought our guide with us and told her we really only needed to go to a supermarket. She
passed the message onto the bus-driver who dropped us off beside an absolutely massive shop. It
took us ten minutes to find the coffee aisle and once there another twenty to decide what to buy.
We searched for Columbian chocolate but only found Nestlé bars and kids' chocolate bars. I got
some traditional square jellies instead. We spent another twenty minutes in the queue behind a
couple who had two trollies worth of shopping. Eventually we made it out of the supermarket and
into the sweltering heat of the midday sun. We walked towards the centre of Santa Marta and
visited the street side-stalls again. I bought a jersey for myself while the guys selflessly bought
presents for other members of their families. Using the map we got in the morning and some
educated guesswork we found our way to where the buses were waiting (our guide was more lost
than we were and had never been to Santa Marta before).
The Closing Ceremony (This is copied almost directly from my summer journal because I am
very economical with my time so please do excuse the lack of cohesion, etc.)
The buses to the ceremony were at half four. I brought my phone and smiley-face stickers. Took
pictures with the North Koreans and put smileys on them. Took photos with other not-asremarkable teams. Went on the bus to the Santa Marta City Hall which was a really nice place
with gardens. The Closing Ceremony was held outside with all of us on garden chairs. Oisín and
Adam wore their leprechaun hats and I put Gordon on my hat. We then proceeded to enter into
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the background of other teams’ photo and afterwards stick smileys on them. We may have scared
some people. Put a smiley face sticker on a policeman with a gun and on some organisers. Sat
near the back (the front rows were reserved for medallists) but got a little bored. Went and talked
to Ingerid, the British team and other people who had medals. The English team refused to wear
the smiley-face stickers as they didn’t match their UKMT suits. David (the Norwegian Leader)
did not approve of me sticking smileys on his shirt collar and moved them so they weren’t visible
– very disappointing. Convinced a Slovakian (or maybe Slovenian) guy to wear the Irish flag on
stage collecting his medal. He did, but we weren’t paying attention and missed it. Put smileys on
Americans and inquired whether they knew Jingyi and Alesia (two of the girls I met at EGMO).
Eventually the ceremony began with a group of soldiers marching ceremoniously with rifles.
They didn’t shoot which was a bit anti-climactic. Listened to speeches which took too long and
then they started with the medals. There were a lot. Over 200. Felt sorry for the silver medallists
as everyone had given up on clapping by the time they came on stage. Stood at the back for a
while with Seoirse and Luke and clapped random medallists but even that got a little tedious after
a while. We borrowed the Greek flag for a bit and they didn’t notice/care. Clapped some
Portuguese guy whom Adam and Oisín knew from last year. Got a pin off a Canadian and gave
him a smiley-face. Distributed more smiley-faces. Listened to Columbian music and speeches
again. Watched a movie clip about South Africa – the guy said ‘welcome’ in Afrikaans which
sounds exactly like ‘buy a donkey’.
We were then free to leave. However, we
couldn’t as we had mislaid Luke. Got
pictures with random people that Gordon
pointed out. Found Luke. Stole Gabriel’s
(British person) hat. He stole it back.
Gave out to him for being British; he
teased us about being Irish.
Was very hungry when we returned to the
hotel. Swapped a UL T-shirt for a guide T
-shirt with an American kid (he was one
of the organiser’s sons). Gave him a
smiley. Food was by the pool, buffet
Jessica and Andrew Carlotti (UKGold Medallist) style.
After dinner we talked to lots of people such as the Icelandics and that Czech guy. He gave out
that the Icelandics and Irish hung out together too much which we probably did. Got lots of
random gift things and gave people smileys in return. Stole Gabriel’s hat again. Helped give out
BMO booklets because I’m a nice person. The guys went to bed as it was late (except Seoirse).
Silly idea. Got more pictures with people that Gordon suggested. Got rid of almost all my
smileys. Got the guides to promise to give us some guide T-shirts.
Talked to Andrew Carlotti – he has three Golds and a Bronze. Tried to convince him that three
Golds is more than enough for any one person and that he should share his medals. Oddly enough
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he didn’t agree. Ada stole a Swiss hat and offered to give it back to them. They let her keep it and
she gave it to me. Sunburnt Thor kept stealing it which wasn’t very nice. Guide guy returned and
brought twelve T-shirts for the Irish and Icelandics.
Sat outside Swiss house for a while talking, trying not to fall asleep. Wrote a note to Ingerid to
say bye as she went to bed early. Put some Irish into it to entertain the Icelandics. Nearly fell
asleep. Went and packed at two o’clock. Realised Talkative Thor had my sandals and I had his
shoes. Rectified this and said goodbye to Icelandics (except Tall Thor who went to bed). Met
Gordon and Bernd in the lobby; waited for the guys. Eventually they arrived and we made our
way to the buses. When we were all loaded-on we realised we were missing Adam. Turns out he
got on another bus that was waiting there. After Adam made his way onto the correct bus we
began our long journey home.
Going Home
We left the resort at 3 a.m. local time and arrived at the airport ten minutes later. I hadn’t gone to
bed so I lay down on the stone benches and apparently it was very hard to wake me up. The flight
to Bogotá was uneventful but our connecting flight to Atlanta had been cancelled. We sat on the
floor, played frisbee, threw Gordon around and even did some maths while Bernd and Gordon
waited in line to find out what we were supposed to do. Several hours later we were told we had a
day to wait for the next flight. I was pretty happy with this as Bogotá is a lot more interesting
than Donegal and we got a chance to see the city. After food and finding our airport hotel we
headed into the historic centre in two small yellow taxis. We visited a very large bookstore and a
cool art gallery. Entry was free but there was security on the door. We wandered around and
found ourselves outside the Palace where a marching band was playing and a group of soldiers
were ceremoniously folding a rather large flag.
We got taxis back to the hotel and were pretty freaked out when the taxi-driver took a random
turn off the main road and headed down some alleyways. Thankfully we re-emerged back onto
the main road and were dropped safely at the front door of the hotel.
The next morning we were up bright and early (too early) to catch our flight. There was a nice
long queue and when we finally reached the desk there was a problem with my American Visa
Waiver thing (ESTA). After a phone-call to the U.S. and repeatedly entering my details into their
computer it was all sorted out – half-an-hour after the flight was scheduled to leave. Thankfully
the flight was late so Gordon and I rushed off and caught our plane (the rest of the team had
abandoned me about 40 minutes previously to make sure that at least some of us got home).
There was a pretty sunrise and amazing clouds on the flight to Atlanta as well as breakfast.
In Atlanta we got food, and then constructed a very long straw consisting of over twenty regular
straws stuck together. We got a few strange looks and a picture as Seoirse tried to drink water
from a glass that was two tables away. We tried to improve the design with Sellotape but it was
doomed to failure – two firemen on bikes told us why but I forget what they said.
Oisín left us as he was getting a direct flight to France and we replaced him with two German
students who were going to do social work in Central America. They thought we were a sports
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team due to our constant throwing of Gordon to one another and we scared them with an IMO
paper. On the topic of Gordon, Adam and Declan came up with this brilliant game where they
both tried to hit me on the face with the teddy. Strangely enough, I didn’t really find it brilliant
but they assured me it was.
We got upgraded to business class on the transatlantic flight which was amazing – they even give
you new socks. Poor Adam wasn’t on the same booking as the other four of us so he was stuck in
coach with Bernd and Gordon. We got a three-course meal which included Belgian chocolate
cheesecake and the seats reclined fully so you could sleep. It was pretty great.
We landed safely in Dublin Airport and after claiming our baggage we were greeted by everyone
else’s family (but not mine – I live in Donegal and am a little bit unloved when it comes to lifts to
Dublin). After a non-tearful goodbye and breakfast I found my bus and headed home. I drifted off
and every so often I woke up, turned around to see if Luke was still with us and wondered when
we would be landing.
Then there was sleep, glorious sleep in my own comfortable bed. I slept for 18 hours – more than
the previous four nights combined and then life returned to normal.
Thank You!
As you can probably tell I had an amazing time in Columbia and I loved every minute of it. I met
amazing people and discovered awesome maths and I would like to say thank you to everyone
who made it possible. First to the trainers in Ireland in Galway and the ones who contribute to the
camps and especially Anca from Cork. They give up their free time to show us beautiful maths –
so thanks .
Thanks to all the co-ordinators and planners in Columbia, the problem-picking people, the person
who choose to put Q2 on the paper, the bus drivers, Irwin from reception and the guides who
gave us some spare T-shirts.
I think I speak for the whole team when I say that Bernd and Gordon were the best in every way.
The IMO without them would have been completely different. Thank you, Bernd, for convincing
the co-ordinators that we deserved marks . Thanks, Gordon, for training us and keeping the pep
-talk relatively short .
Thanks to the Department of Education and Skills for part-funding the trip and an infinity ( אo) of
thanks to Eoghan Flanagan for sponsoring the rest of it. You are the only person whom I haven’t
met but is still on my personal inventory of incredible individuals. THANKS!

Jessica Weitbrecht 2013
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Notes on the International Mathematical Olympiad, 2013
Participants: 92 students took part in the Irish Olympiad Competition (IrMO). The best six
students (listed in order in Table 1) were invited to represent Ireland at the IMO in Santa Marta,
Columbia, in July 2013. The top performer in IrMO is awarded the Fergus Gaines cup in Ireland.
In Columbia a total of 527 students (52 of whom were girls) participated from 97 countries.
The Irish delegation consisted of six students, the Team Leader, Bernd Kreussler (MIC Limerick)
and the Deputy Leader, Gordon Lessells (UL).
Oisín Faust

The High School, Rathgar, Dublin 6

5th Year

Honourable
Mention

Declan Manning

Ballincollig Community School, Co. Cork

6th Year

Honourable
Mention

Adam Connolly

Coláiste Chiaráin, Leixlip, Co Kildare

6th Year

Honourable
Mention

Luke Gardiner

Gonzaga College, Ranelagh, Dublin 6

4th Year

Jessica Weitbrecht Abbey Vocational School, Donegal

6th Year

Seoirse Murray

5th Year

Maynooth Post Primary School, Co. Kildare

Honourable
Mention

Table 1. The Irish contestants at the 54th IMO, Columbia
Performance: Four Irish contestants managed to achieve a complete solution of one of the
problems, thus obtaining Honourable Mention. Since Ireland's first participation in 1988, the Irish
teams won eight medals and an additional 20 students achieved an Honourable Mention.
Future Competitions: The next countries to host the IMO will be
2014 South Africa; 2015 Thailand; 2016 Hong Kong; 2017 Brazil; 2018 Romania
See: http://www.irmo.ie/IMO2013report.pdf for the Team Leader's report.
The Irish Mathematical Trust: This Trust was set up in November 2012. The main purpose of
the trust is to coordinate mathematics competitions at Second Level.
It has ten Directors including Richard Watson, Stephen Buckley and John Murray from NUI,
Maynooth, Co. Kildare.
The European Girls' Mathematical Olympiad: The European Girls' Mathematical Olympiad
(EGMO) is a mathematical problem-solving contest for female second level students. The second
EGMO took place Luxemburg in April 2013.
http://euclid.ucc.ie/pages/MATHENR/
Notes compiled by Neil Hallinan
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NOTE ON THE USE OF MARKING SCHEMES
Following a decision at the 2013 AGM the Model Solutions are not printed in this edition of
the Newsletter.
The following note regarding marking schemes accompanied the SEC Model Solutions:
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The Meaning of Maths
Reflections on Mathematical Education
Siddhartha Sen, Fellow Emeritus, TCD
On the second of July, 1830, the German mathematician, Jacobi, wrote to the French
mathematician, Legendre, expressing in moving terms his views on mathematics. He wrote
"M. Fourier had the opinion that the principal aim of mathematics was
public utility and explanation of natural phenomena but a philosopher
like him should have known that the sole end of science is the honour of
the human mind..."
In 1991, Andre Weil, testifying to the US House Committee on Science, Space and Technology,
with the purpose of securing government funding for mathematics, described the long-term goals
for the mathematical sciences as "provision of fundamental tools for science and technology,
improvement of mathematical education, discovery of new mathematics, facilitation of
technology transfer and the support of efficient computation". The honour of the human mind had
been delegated to the bland statement: discovery of new mathematics. Yet Andre Weil was an
outstanding mathematician of great creativity and great scholarship. Weil clearly felt that the
days of securing government funding for work done to honour the human spirit had gone. But we
learn from history that most often it is work done to honour the human spirit that leads to great
advances for mankind. This was very clear in Germany under the stewardship of Humboldt when
the emphasis was on understanding, exploring and creating the foundational structure of science.
The human urge to explore, to understand and to create, if suppressed, is less likely to produce a
civilisation that is exciting and innovative. It is the national aspirations that define a civilisation
as stressed by Joseph Campbell, the great student of symbols, myths and legends. The passion of
Jacobi's letter is thus something we can understand.
Education and the Information Revolution
We are now in the middle of a revolution. Never before was information so easily and widely
available. In the past seats of learning and scholarship were those that had the best access to
information. The great seats of learning were those that had great libraries. Examples of these
great seats of learning associated with libraries are well known. There was the library in
Alexandria where Euclid worked, the library of Nalanda in India where Shilabhadra worked and
scholars flocked from China, Japan and elsewhere to learn, read and translate Buddhist
manuscripts, the House of Wisdom in Baghdad where Al Khwarizmi worked and wrote his book
on Algebra. In more modern times the great libraries of Oxford, of Paris, of London, of St
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Petersburg and of Harvard are places known and respected everywhere. The challenge facing us
now is to come up with a system which properly utilises the information environment of our
times.

Abbot Ven. Shilabhadra, University of Nalanda, 529 - 645 AD
(lived to age 116!)
Image: http://records.photodharma.net/documentary/the-journeyof-xuanzang-7-8

To tackle this problem one needs to have a broad view about the nature and purpose of education.
This needs discussion and debate but one can try to identify general principles that should be kept
in mind in such discussions. In a recent book on Theories of Mathematical Education, edited by
Bharat Sriraman and Lyn English, there is a summary of the current instrumental view of
mathematics that seems to be prevalent in Ireland, in the USA and, possibly, elsewhere.
According to this view mathematics consists of an accumulation of facts, rules and skills that are
to be used by the trained artisan in the pursuance of some external end. Thus the teaching of
mathematics should consist of a clear set of unrelated utilitarian rules and facts that are wellpresented and explained.
Absent from the system are notions of mathematical abstraction, conjectures and proof. Excluded
from this scheme are traces of aesthetics, beauty and joy. It is a bleak landscape for students and
teachers with the great subject of mathematics reduced to blind, efficient algorithmic
computation. Education is no longer a transformative experience but a product whose quality can
be measured through international rankings and numbers. The grand exalted view of learning and
understanding, on the other hand, supported by quantum theory, is that each time we understand a
concept we and the universe both change. It is an uplifting vision indeed!
Yet the agencies which support an instrumentalist view of mathematics are also eager to create a
creative innovative society where reflection, understanding and joy are essential. On the one hand
these agencies in Ireland want to build a thriving inventive, innovative research-oriented
community of scientists but, on the other hand, all those engaged in internationally recognised
work in areas of fundamental physics and mathematics that do not have practical industrial
applications are told that their applications for funding to support the training of students in the
art of research cannot be considered as they are not engaged in utilitarian areas with clear
commercial prospects. The fact that such research work raises the international profile of Ireland
as a contributor to human knowledge is ignored. A country of dreamers, of saints and scholars,
has accepted the standards of the marketplace and seems to have rejected the dream of
understanding and knowing for the glory of the human spirit.
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What I propose to do today is to reflect and share some of my own views regarding mathematical
education reacting to the current situation of mathematics education. These views have developed
over the years as I taught, read and thought about what I was doing as a teacher and researcher. I
taught University students impure mathematics and physics and carried out theoretical research in
different areas of physics very often using beautiful ideas from diverse areas of mathematics.
These personal experiences made me feel that there was a great need to present school
mathematics in a way that made students aware of what I had found, namely, that mathematics
was a living subject full of excitement, full of great challenges, full of human involvement and of
passion which was immensely useful for understanding our universe. The school students need to
be shown that mathematics is a key element needed to solve problems of humanity. As a teacher I
felt that a book which got this message across would be helpful. This is what I set out to do in my
book, The Joy of Understanding and Solving Problems. I do not think I have succeeded in doing
what I had set out to do but a start has been made.
Teaching and Transformation
I had realised very early in my teaching career that I did not teach anyone anything. The act of
learning and understanding was mysterious. It is a personal transformative experience. All I could
do, as a teacher, was to create interest, to build an atmosphere of self-learning that was nonthreatening, be supportive, and perhaps convey my own joy for the subject to the student. In order
to clarify my ideas about education I felt the need to write down some remarks and principles
which in my view were relevant for teaching and learning. These remarks and principles are
tentative. The framework of principles and remarks proposed would clearly need to take into
account local cultural details and aspirations when and if they are implemented. In making this
list of remarks and principles I have drawn on the insights of three wise men and great
mathematicians: the Swiss mathematician, Euler, who worked in Russia, the Russian
mathematician, Kolmogorov, and the German mathematician, Klein. All three were creative
mathematicians of high order with broad interests; all were very active in school education and
all wrote books and gave lectures to students and teachers.
Leonhard Euler (1707-1783)
http://www-history.mcs.st-and.ac.uk/PictDisplay/Euler.html

Euler is probably the most prolific creator of mathematics of all time with the
authorship of over 900 research publications and numerous text books. He
has made contributions to most areas of pure and impure mathematics. For
instance, he made outstanding contributions to number theory, mechanics,
hydrodynamics and analysis. When Euler was invited to St Petersburg he was charged with
redesigning mathematical instruction and to carry out mathematical research. Mathematics was
regarded as essential for the Russian Navy and the teaching of mathematics was totally practical.
Euler convinced Peter the Great that for real progress and innovation it was essential that teachers
and students understood the fundamentals well. In order to make his happen he wrote text books
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in which the motivation for topics was explained, the way discoveries were made by him were
explained and the subject of mathematics was broken up into different topics which were
arranged in a logical way. Euler's arrangement of mathematics into topics is still used by us. The
freshness and simplicity of Euler's text books have been stressed by many. Thus Euler established
the principle that progress in innovation and creativity can come only if there is real
understanding and that this understanding can happen only if the presentation of material is
attractive and clear to students and an environment of bold inquiry is present. The challenge of
mathematical education in Euler's view was to present the fundamentals in a way that was
accessible to students. I will return to an extraordinary result of Euler in geometry later in my
talk. I might add that Euler died 230 years ago on this day.
Andreï Kolmogorov (1903 - 1987)
http://www.futura-sciences.com/magazines/mathematiques/infos/
personnalites/d/mathematiques-andrei-kolmogorov-263/

Kolmogorov, like Euler, had a wide range of interest. For him there was no
distinction between pure and impure mathematics. His great contributions in
probability theory, in turbulence, in analysis and in cohomology are universally
recognised and admired. Kolmogorov wrote a large number of text books for
schools, set up a school of his own and lectured extensively to school students. His ideas
regarding mathematical education, like Euler's stressed the need for students to understand and
enjoy the fundamental ideas and structures of mathematics. The challenge again was to do this in
a way that was interesting and was accessible to the student. Kolmogorov also felt the need to
remove the distinction between pure and impure mathematics and also that the subject of
mathematics in school should reflect the subject of mathematics as understood by research
mathematicians. In order for this to happen he also felt strongly that there should be links
between school mathematics teachers, students and research mathematicians.
Felix Klein (1849 - 1925)
http://www.en.wikipedia.org/wiki/Felix_Klein

Klein became involved in school mathematics when he saw that there was an
explosion of engineering and industrial activity in Germany which required
mathematics. But this impure mathematics was shunned by some of the great
German mathematicians such as Weierstrass, while others, like Hilbert, though
not hostile, were indifferent to this situation. Klein saw that the engineers were dissatisfied with
the way mathematicians were teaching their students and started to teach the mathematics needed
themselves. Klein recognised that if this trend grew employment opportunities for mathematics
graduates would suffer. To tackle this problem he used his powers to persuade and then used his
considerable organisational skills to start courses on impure mathematics and even to revamp the
school mathematics curriculum so that topics like calculus and vectors were included. He also
introduced teacher-training summer schools and did fund-raising for mathematics from German
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industrialists. Finally, he made the idea of mathematical education international so as to get
support for his idea that mathematics pure and impure are the same: both are creative human
activities that use rational means to understand and explore the world of ideas and the external
world.
Teaching and Learning in the Information Age
There is remarkable agreement between Euler, Kolmogorov and Klein regarding the nature of
mathematics and the way it should be taught. Let me draw on their views and supplement them
with a few practical features. Some of these features were present in the thinking of the three
wise men. The new feature of our time is the knowledge access explosion. A proper discussion of
this can only begin after a process of information gathering, consultation and reflection. I can,
however, briefly summarise my reaction to the current situation as follows: the information
access landscape requires students to learn on their own. Thus they must be encouraged to get
used to self-learning which will allow them to reap the benefits of the information age. Let me
now list my views on mathematical education taking into account the insights of the three wise
men and also recognising that there are five clear elements always present in learning and
teaching that need to be remembered. These are the teacher, the student, the subject, the learning
environment and the wider community.
The teacher must know the subject he is teaching and should get help in order to refresh and
deepen his/her subject knowledge. This can happen through summer schools, through contacts
with researchers or through mutual teacher support networks. Such support should be lifelong.
Without the active support of teachers no change can happen.
The student should be willing and able to learn. This means the student should have had a proper
meal and must have a good night’s sleep before coming to school. This is the "able" part. The
"willing" part can happen only when the student is interested and motivated. Kolmogorov in
particular stressed the need to foster the curiosity of students and to broaden their outlook.
Interest comes when the material presented is of interest and relevance to the student. The school
environment should encourage and support learning. For instance, students could work in groups
which help each other. Students should have access to relevant material, they should get to meet,
interact and listen to talks given by creative people to enrich their learning experience. This
aspect of education is particularly strong in Russia. Support in the form of computer assisted
learning could be used to specially help weaker students. The perception of mathematics needs to
change. Students should see from examples that mathematics is a way to explore and find things
out. For instance a basket of fruit can be used in addition problems. The idea would be to find out
the total distance the combination of fruits has travelled before reaching Ireland. By doing this
addition problem students will end up knowing something new.
Mathematics is a subject created by human beings to help us understand and explore the world of
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ideas, the external world and, to solve problems of humanity by using rational arguments and
symbols. It has no subject barriers. There is no pure and impure mathematics. Both are ideally
creative disciplines. Abstraction is the heart of mathematics. This is what gives the subject its
great power. The concept of proof is an essential element of the subject. The proof places a result
in the general framework of previous insights. Different proofs illuminate the underlying concept
and thus firmly embed it into the landscape of mathematics. There is great joy in understanding
abstract ideas. Hidden in even simple mathematical statements there is very often lurking a deep
idea, an unexpected connection, a struggle for understanding and a potential useful application.
Mathematics should be taught so that the fundamental ideas and concepts of the subject are clear
and the importance of the idea of proof is clear to students. Klein used the phrase "functional
thinking" as a unifying rally call for teachers to change the way mathematics was taught in
Germany at that time.
The school unit should be regarded as a local resource for identifying and solving local problems.
It could be regarded as a mini community research and cultural hub which allows students and
teachers the opportunity to use mathematics, science and everything else they are learn to tackle
problems of their community that they have identified. Madam Montessori found young children
wanted to do real work. It is widely recognised that the rapid changes in technology that are
happening imply that most people will need to retrain themselves a few times during their career.
It is thus essential that students are taught how to learn on their own.

Implementing these ideas will not be easy. The essential point is that there is an urgent need to
change our perception of mathematics and of the nature of education. In making changes the
community must be involved and be supportive. Finally, to achieve excellence it is essential that
students get to interact and learn from creative people. The proper mix of these elements will be
country specific. It will need to use modern technology and it will need the active, enthusiastic
support of teachers and researchers. The British philosopher and mathematician, Whitehead, said
"Education is the imaginative transfer of knowledge from one generation to another to prepare
them for the adventure of life."
Finding Pearls
Let me end with examples that illustrate the hidden treasures present in simple mathematical
statements. The first example is from geometry, the second from number theory. These two
subjects ‒ both created to tackle practical problems ‒ underpin all of mathematics.
Example from Geometry
Geometry was created to measure land. It was a practical subject. Euclid started modern
mathematics by showing how by abstracting ideas from experience the mathematical subject of
geometry could be developed. In this mathematical discipline pure reasoning led to conclusions
regarding triangles, and other figures constructed by using straight lines could be drawn which
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were found to hold when measurements were made. Later, Apollonius extended Euclid's method
to the circle, ellipses and other figures in which straight lines were replaced by curved lines. The
logical conclusions drawn by using the methods of Euclid and Apollonius were all found to agree
with measurements. Thus a rational understanding of observations was achieved. It was a
breakthrough for humanity and the birth of rational science. One thousand eight hundred years
after Apollonius had derived results for circles and ellipses purely for the joy of exploring ideas
Kepler found that the ellipses of Apollonius described planetary motion. Two thousand years
later Euler made an extraordinary observation about geometrical figures which we now explain.
Euler found that triangles, squares, pentagons, hexagons and even irregular shaped objects made
by joining straight line segments together, although different as geometric objects, had something
in common. He found that "V - E + F", where V was the number of vertices, E the number of
edges and F the number of faces in the figure, was the same for all of them. Thus, a triangle has 3
vertices, 3 edges and one face so that V - E + F = 1. If we consider three wires joined together to
form a triangle then F = 0 and V - E+ F = 0. Intuitively, in the second situation we have a loop.
We can check that V - E + F for wire networks that form a square, a pentagon or any figure, all
have V - E + F = 0. Thus, this combination can be used to spot a loop. Furthermore, by
calculating the number of vertices and edges of a complicated network of threads, one can check
that if V - E + F = -n then the wire network system has n + 1 loops. A simple but amazing result!
The idea of considering such a combination is what makes Euler's result extraordinary. It
introduces the notion of an invariant associated with a network. Extension of this idea to surfaces
was done by Euler. A higher dimensional version of this result was later obtained by the great
French mathematician, Poincaré, when he created the subject of topology.
Example from Numbers
Let us look at the number 6. If we look up the definition of this number in a dictionary we find 6
= 5 + 1 = 3 + 3 and so on. If we did not know what 6 was, the definition is useless. We know 6
through counting. We might have 6 close friends or 6 coins in our pocket. But the definition tells
us something important. It introduces the idea of equality which is the essential idea of all of
mathematics and all science. It also tells us that 6 has different faces. We define a face of 6 as a
way of representing it by adding counting numbers.
Thus
6=6
=5+1
=4+2
=3+3
=4+1+1
=3+1+2
=3+1+1+1
=2+2+2
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=2+2+1+1
=2+1+1+1+1
=1+1+1+1+1+1
Thus 6 has 11 faces. We regard two representations of 6 the same if they differ simply by the way
its parts are arranged. Thus 3+1+2 and 3+2+1 are regarded as being the same representation of 6.
The mathematicians, Hardy and Ramanujan, asked the question: how many faces does a counting
number, N, have? They found a lovely formula for the faces, F(N), which had the structure

G.H. Hardy (1877 - 1947) and Srinivasa Ramanujan (1887 - 1920)
http://www.storyofmathematics.com/20th_hardy.html

This result created quite a stir when found. Indeed Hardy and Ramanujan predicted the faces of a
large number and Major McMahon, who had a way of working out the faces directly using a
method due to Euler, checked and verified that their prediction was correct. Later, it was found
that a formula for the faces of a number was important for studying symmetry and very recently it
was found to be essential for understanding quantum aspects of Black Holes!
We end this example by pointing out something more about the number 6. It has 10 faces, as we
saw, but it can really be represented in infinite number of ways, since 6 = 7 - 1 = 8 - 2 = 9 - 3 =
…. This way of writing 6 never ends. That is what we mean by infinity. Infinity was lurking in
the shadows!
Sources of Illumination
We next make a comment on the way different areas of mathematics illuminate each other. We
learn in school that the circumference of a circle of radius r is 2πr. Thus a number π appears from
a problem of geometry. What kind of number is π? It turns out that it cannot be represented by a
fraction or by a finite decimal expansion. It can be approximated by fractions or decimal
expansions but can never be written down exactly as either a fraction or a decimal expansion.
Thus the symbol π represents something new in mathematics. It is a new kind of number which
appears, not because mathematicians like to study strange objects but because it is there in the
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world of mathematics. It shows up whenever we need to draw and use circles in our lives ‒ for
example, in order to build cylindrical containers. A natural question then is: Are there more
numbers of this kind that we can never write down? The answer, found by the mathematician,
Cantor, is that there is an infinite number of them but spotting them is not easy. Thus it appears
that no matter what we do in mathematics infinity seems to be lurking round the corner!

I feel the passion of mathematics, its elegance and beauty, should be part of the subject taught in
school and so, too, should be the fact that very simple ideas of mathematics can be amazingly
useful. Let me give an example that I found in Daniel Kahneman's book, Thinking Fast and Slow.
It shows how a simple algorithm that only uses addition has saved the lives of thousands of
infants. The idea is due to Virginia Apgard. Until her intervention in 1953 physicians and
midwives used their clinical judgment to determine when a new-born baby was in distress.
Different practitioners focused on different cues. Without a standardised procedure danger signs
were often missed and many new-born infants died. Apgard suggested that five variables were
crucial. These were: heart rate, respiration, reflex, muscle tone and colour. She suggested that the
practitioner present give a score of 0, 1 or 2 depending on the robustness of each sign. A baby
with a score of 4 or less needed immediate intervention. This simple use of adding numbers has
saved many lives and is used in most places. It is not the complexity of mathematics that makes it
useful but its relevance. The creative act is to understand how a simple quantitative approach can
help to solve a problem. The development of this skill can begin in primary school.
My Dream for Teaching and Mathematics
The principles I listed could be debated, modified and extended so that, at the end, a rational
approach to teaching mathematics in school, supported by teachers, researchers and the
community, emerges. I dream that this will happen.
Siddharta Sen

[Note: This article is the content of a talk given by Siddharta Sen at Trinity College, Dublin, on
18th September, 2013, at the launch of his book The Joy of Understanding and Solving Problems.
Published by Lulu.com (USA). 607 pages. ISBN 978-1-291-42495-9. Ed.]
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Induction without Assumption
First some notation: P(n) stands for some proposition involving n.
P(1) is what the proposition states when n = 1; P(k) is what the proposition states when n = k.
P(k + 1) is what the proposition states when n = k + 1 .
In constructing a proof by induction many textbooks adopt the strategy of assuming that P(k)
is true and deducing that P(k + 1) is also true as a consequence. This works fine but may be
confusing to students as it appears to assume that which one is trying to prove. This article
provides an alternative approach where no explicit assumption is made.
Proof by induction is analogous to getting a row of domino pieces, standing on their edges, to fall
over. For all the dominoes to fall over, just two conditions are necessary:
(i) the first domino is knocked over and
(ii) any domino falls if the previous one has fallen.
There are several videos available online which show the pieces falling. One such, using coins, is
available at http://www.youtube.com/watch?v=0-Bje2VkEvM.
The first domino is knocked over is analogous to P(1) is true.
Any domino falls if the previous one has fallen corresponds to: P(k + 1) is true if P(k) is true.
The approach will be illustrated by proving the following proposition:
4n ‒ 1 is divisible by 3 for all natural numbers n, where the natural numbers are 1, 2, 3, …
Note that if a and b are divisible by 3 then so is ka + b. (*)
For, let a = 3m and b = 3n, then ka + b = 3km + 3n = 3(km + n) which is obviously divisible by 3.
What is this proposition claiming? In concrete terms it claims that if there are, one less than a
power of four, objects, then these objects can be grouped in threes with none left over. This is a
very powerful claim. I usually get students to check, using small values of n, that the claim is
plausible.
P(n) states that 4n ‒ 1 is divisible by 3,  n ∊ .
P(1) states that 41 ‒ 1 is divisible by 3.
41 ‒ 1 = 4 ‒ 1 = 3 and 3 is divisible by 3. P(1) is true.
This shows the first condition is met.
P(k) states that 4k ‒ 1 is divisible by 3, where k ∊  .
P(k+1) states that 4k+1 ‒ 1 is divisible by 3.
k+1
Consider 4 ‒ 1.
4k+1 ‒ 1 = 41  4 k ‒ 1
by using the rule that am + n = am  an ;
k+1
k
4 ‒1 =44 ‒1
= 4  4k ‒ 4  1 + 4 1 ‒ 1 by subtracting and adding 4  1;
= 4(4k ‒ 1 ) + 3.
Now 3 is obviously divisible by 3 and 4k ‒ 1 is divisible by 3 if P(k) is true.
Hence by (*), 4(4 k ‒ 1 ) + 3 is divisible by 3 if P(k) is true.
Hence 4k+1 ‒ 1 is divisible by 3 if P(k) is true.
Hence P(k+1) is true if P(k) is true.
This shows the second condition is met.
Proof:

Since (i) P(1) is true and
(ii) P(k + 1) is true if P(k) is true
Then P(n) is true  n ∊ .
QED
In this approach it has not been necessary to state ‘assume that P(k) is true’.
Michael O'Loughlin Dublin Branch
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A CRACKING PUZZLE
A firm has invented a super-strong egg. For publicity
purposes, it wants to determine the highest floor in a 100story building from which such an egg can fall without
breaking. The firm has given a tester two identical eggs to
experiment with. Of course, the same egg can be dropped multiple times unless it breaks. What is
the minimum number of droppings that is guaranteed to determine the highest safe floor in all
cases?
[From Algorithmic Puzzles, Anany Levitin & Maria Levitin, Oxford University Press, 2011.]
Suggestions of strategies for general problem-solving given in the book include the concepts of
Backtracking, Decrease-and-Conquer, Divide-and-Conquer, Greedy Approach, Iterative
Improvement and Dynamic Programming. So perhaps you can choose a strategy which will help
to solve this puzzle or come up with one of your own.
Newsletter would be delighted to get some feedback on attempts at this problem
(hallinann@gmail.com). The solution will be provided on the IMTA website (www.imta.ie) and
other mathematical websites (www.corkmaths.ie; http://imtawexford.pbworks.com/w/
page/47439599/Home ) early in the New Year of 2014.
Neil Hallinan
Hint: Consider the function H(k), the maximum number of floors for which the problem can be solved in k steps.

